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Abstract. I develop and estimate a structural model of network formation with heteroge-

neous players and latent community structure, whose equilibrium homophily and clustering

levels match those usually observed in real-world social networks. Players belong to com-

munities unobserved by the econometrician and have community-specific payoffs, allowing

preferences to have a bias for similar people. Players meet sequentially and decide whether

to form bilateral links, after receiving a random matching shock. The model converges to a

hierarchical exponential family random graph. Using school friendship network data from

Add Health, I estimate the posterior distribution of parameters and unobserved heterogene-

ity, detecting high levels of racial homophily and payoff heterogeneity across communities.

The posterior predictions of sufficient statistics show that the model is able to replicate

the homophily levels and the aggregate clustering of the observed network, in contrast with

standard exponential family network models without community structure.

JEL CODES: C13, C31, C57, D85

Keywords: Social networks, exponential random graphs, homophily, clustering

1. Introduction

Social networks are important determinants of economic success in many contexts: health,

education, crime, investment, politics, employment, new product adoption (Jackson, 2008;

DePaula, 2017; Chandrasekhar, 2016; Acemoglu et al., 2011; Golub and Jackson, 2011;

Fafchamps and Gubert, 2007; Laschever, 2009; Topa, 2001; Conley and Udry, 2010; Echenique

and Fryer, 2007; Nakajima, 2007; De Giorgi et al., 2010; Goldsmith-Pinkham and Imbens,

2013; Calvo-Armengol et al., 2009). Therefore it is crucial to understand how these relation-

ships are formed, what network architectures are optimal, and what policies can affect their

shape.

The analysis developed in this paper builds on the empirical observation that social net-

works tend to organize in clusters of densely connected individuals, with fewer links across

clusters. There are at least two ways to rationalize this stylized fact. First, the clustering
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may be the realization of preferences for similar individuals. This is what in the networks

literature is referred to as homophily, that is the propensity to form links to similar people.

Homophily has been reported for observable characteristics like race, gender, age, income,

education and other demographics (Jackson, 2008; Currarini et al., 2009; Moody, 2001; Mele,

2017; DePaula et al., 2018; Boucher, 2015). Individuals may as well have biased preferences

for similar unobserved characteristics (Graham, 2017; Dzemski, 2017; Boucher and Mourifie,

2017; Leung, 2014). Second, the clustering may be the result of preference for transitivity,

that is the willingness to link of two individuals is increasing in the number of common

neighbors in the network. Indeed, it is usually observed that if two people have a link to

a common neighbor, it is very likely that they are also connected to each other (Jackson,

2008; Jackson and Rogers, 2007). This rationalization is related to strategic interactions, as

the decision to form a link depends on decisions to form links of other individuals as well.

As argued in Graham (2017), it is important to distinguish between these two explanations

– homophily and preference for transitivity – for policy purposes. If the clustering is mostly

explained by strategic interactions, then a policy that affects one link will have a cascade

effect on many other links. On the other hand, if the observed clustering mostly reflects

homophily in preferences, a policy targeting one link will not have any additional effect on

the rest of the network.

I propose a structural model of network formation with heterogeneous players and latent

community structure, to estimate preferences for homophily and transitivity in equilibrium.

The model’s equilibrium belongs to the class of discrete exponential family random graphs

(Moody, 2001; Snijders, 2002; Caimo and Friel, 2011; Boucher and Mourifie, 2017; Mele,

2017). The point of departure from previous work is the introduction of a latent block

structure to model unobserved heterogeneity in preferences to form links. These latent

communities modify the dependence among linking decisions of the agents, thus the model’s

equilibrium converges to a hierarchical exponential random graph model (Schweinberger and

Handcock, 2015).
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The network is formed sequentially: in each period two players are randomly selected from

the population and meet. Upon meeting, players decide whether to update their link, by max-

imizing the sum of their current utility. In the absence of any shock to the preferences, this

process of network formation is consistent with pairwise stability with transfers, a common

equilibrium notion used in the network formation literature (Jackson, 2008). Conditional

on the latent community structure, the network formation process can be characterized as

a potential game and in the long-run the sequence of link updates converges to a stationary

distribution over networks, which is a discrete exponential family with intractable normal-

izing constant (Geyer and Thompson, 1992; Mele, 2017). This implies that in the long run,

the observed networks are pairwise stable (with transfers) with very high probability (Mon-

derer and Shapley, 1996; Butts, 2009; Jackson and Watts, 2001; Badev, 2013; Hsieh and Lee,

2012). This result leverages the microeconomic foundations developed in Mele (2017).

Players are partitioned into non-overlapping communities. Upon birth, each player is

randomly assigned to a community. Preferences are defined over networks, covariates and

community structure. The players’ payoffs depend on the composition of direct connections,

but also on the number of common friends. Preferences also depend on the unobserved

heterogeneity: members of different communities are allowed to have different costs and

benefits of forming links and different payoffs from common friends.

I estimate the posterior distribution of the structural preference parameters using a MCMC

algorithm that sequentially samples community structure, parameters and simulates net-

works to approximate both normalizing constants of likelihood and posterior (Murray et al.,

2006; Mele, 2017; Schweinberger and Handcock, 2015). A practical challenge to estimation is

that the likelihood of the model is invariant to the labeling of the communities. To alleviate

this problem, I impose a nonparametric prior that is not invariant to permutations of the

labels (Ishwaran and James, 2001; Schweinberger and Handcock, 2015), and I use established

methods to relabel the posterior simulation output (Stephens, 2000; McLachlan and Peel,

2000).
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I estimate the model for different specifications of the payoff functions and different num-

bers of unobserved communities. The net benefits of a link are allowed to vary by unobserved

type. I consider three specifications for the taste for transitivity: 1) no transitivity (i.e. sto-

chastic blockmodels, Airoldi et al. (2008)); 2) homogeneous taste for transitivity, that does

not vary by community as in standard ERGMs (Snijders, 2002); 3) local transitivity, so that

the preference for transitivity is zero for links across communities, but nonzero for links

within types (Schweinberger and Handcock, 2015).

The dataset used in estimation contains the network of friendships in a US high school,

extracted from The National Longitudinal Study of Adolescent Health (Add Health). The

data also contains race, gender, grade and parental income of each student.

As a practical matter, there is no established procedure to choose the model specifica-

tion or the number of communities for this class of models. Standard procedures used in the

stochastic blockmodels literature do not trivially extend to this more complex model. There-

fore, I use an heuristic approach, estimating each specification with an increasing number of

communities; then I check whether the posterior predictions of the estimated models are able

to fit the properties of the observed network, using standard goodness of fit tests from the

ERGM literature (Caimo and Friel, 2011; Schweinberger and Handcock, 2015). For example,

I check whether the estimated model can replicate the number of links and triangles of the

observed network.

According to this procedure, the models without taste for transitivity (stochastic block-

models) severely underestimate the number of triangles, that is the clustering level of the

network. This is well understood in the literature (Chandrasekhar, 2016; DePaula, 2017;

Chandrasekhar and Jackson, 2016; Snijders, 2002; Schweinberger and Handcock, 2015; Mele,

2017). Models with transitivity provide better fit of the data.

There are few important results. First, a model without community structure performs

much worse than a model with multiple communities. Indeed, the model with one block
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cannot match the number of edges or triangles of the data, providing mostly posterior pre-

dictions that are degenerate (either almost complete or almost empty networks). Second,

the models with local transitivity seem to perform slightly better than models with global

transitivity. In Monte Carlo simulations the model with local transitivity performs as well

as a stochastic blockmodel in recovering the block structure, according to the Yule’s co-

efficient of block membership recovery. Finally, when estimated with real-world data, the

posterior predictions of the model with local transitivity put most probability mass around

the observed sufficient staistics of the network, such as number of links, triangles, stars and

homophily levels.

The empirical estimates show high levels of homophily: preferences are biased towards

links with students of the same racial group, grade and (parental) income levels. Further-

more, the estimated payoffs vary by community. The latter result proves that it is important

to include unobserved heterogeneity in empirical network formation models, as there could

be unobserved characteristics that make agents more or less social on average.

This paper contributes to the literature on empirical network formation models by de-

veloping a structural model that is able to estimate preferences for homophily in observed

and unobserved characteristics, as well as taste for transitivity, in a strategic equilibrium.

Therefore, this work provides a game-theoretical equilibrium counterpart of Schweinberger

and Handcock (2015)’s statistical work, leveraging the strategic approach developed in the

economics literature on networks (Jackson, 2008; Jackson and Wolinsky, 1996; Jackson and

Watts, 2001; Bala and Goyal, 2000; Galeotti, 2006). In fact, my structural model mantains

the flexible specification of the exponential family random graphs, while incorporating the

strategic and equilibrium microfoundations introduced in Mele (2017).

Unobserved heterogeneity has been introduced in empirical network models in different

ways. Graham (2016) considers a model with conditionally independent links, where es-

timation is performed using repeated observations over time of the network. Breza et al.

(2017) and McCormick and Zheng (2015) consider hierarchical Bayes parametric community



A STRUCTURAL MODEL OF HOMOPHILY AND CLUSTERING IN SOCIAL NETWORKS 7

structure estimation using summary statistics of a partially observed nework from a random

sample of nodes. Graham (2017); Dzemski (2017); Charbonneau (2017); Jochmans (2017)

and the literature on the β-model in statistics, model unobserved heterogeneity without

including transitivity, estimating the model using only a network observation. My paper

complements these approaches by considering the case in which the researchers has access

to one network observation only and the model includes transitivity.

Structural models of network formation usually include biases in preferences or meetings to

generate homophily in equilibrium (Currarini et al., 2009; Boucher, 2015; Mayer and Puller,

2008); some also include payoffs from common neighbors (DePaula et al., 2018; Menzel,

2015; Sheng, 2012; Ridder and Sheng, 2015). However, disentangling homophily, clustering

and unobserved heterogeneity using only one network observation is extremely challenging

(Graham, 2017; Chandrasekhar and Jackson, 2016). My model contributes to this literature

by providing a Bayesian approach to estimating payoffs for homophily and transitivity in a

strategic model.

The estimation of the model is computationally intensive, because the community struc-

ture is unobserved, limiting the Bayesian estimation approach to networks with a few hundred

nodes. However, one could pre-process the data and use an algorithm to identify and esti-

mate community memberships before the estimation of the network model, like in Bonhomme

et al. (2017). This would speed up computations and estimation, because the simulation of

the community structure is a major computational bottleneck.

The rest of the paper is organized as follows. Section 2 presents the structural model

and the equilibrium characterization. Section 3 develops the estimation strategy and the

asymptotic behavior of the sufficient statistics. Section 4 focuses on the empirical results,

showing that friendship school networks exhibit high level of homophily and clustering, with

a moderate level of unobserved heterogeneity in preferences. Section 5 concludes. The

appendices contain additional theoretical results, proofs and details about the estimation.
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2. A structural model of network formation

The economy consists of n players, each characterized by an M -dimensional vector xi =

{xi,1, xi,2, ..., xi,M} of observable characteristics. For example, xi may include the gender,

racial group, income, education levels and age of each individual in the economy.

Each player belongs to a community : this membership is observed by the players, but not

by the econometrician. The community models unobserved heterogeneity in a very specific

form: there exists some unobserved characteristics that separates individuals into different

types. For example, some individuals are more social than others, a personality trait that

is difficult to observe; some people care a lot about having a tightly-knit group of friends,

others do not care as much. Type can represent geographic proximity, as well as social

proximity. A player’s type affects her preferences as well as the probability of meeting other

people, as explained in detail below. Formally, the community structure is a partition of

the n players in K subsets {C1, C2, ..., CK}. The K-dimensional vector of binary indicators

zi = {zi,1, zi,2, ..., zi,K} contains the membership information for player i. That is, player i

belongs to community k if zi,k = 1 and zi,l = 0 for all the l 6= k. I will consider a model

in which individuals can be member of one community only. The researcher cannot observe

the memberships vectors zi, nor the number of communities K.

Before the network formation game, nature chooses who belongs to each community (the

community structure), according to a multinomial distribution. This is a relatively standard

assumption in the stochastic blockmodels literature (Airoldi et al., 2008; Schweinberger and

Handcock, 2015). The main advantage of the multinomial specification is that priors can be

specified in a nonparametric way to speed up the computations of the posterior. I assume

that the community assignment to each player is i.i.d.

(1) Zi|η1, ..., ηK
iid∼ Multinomial (1; η1, ...ηK) for i = 1, ..., n
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The n×M matrix x contains all the vectors of observable characteristics, and the n×K

matrix z contains all the vectors of membership indicators.

The network of interactions is represented by a n × n matrix g, the adjacency matrix of

the network, whose generic element gij = 1 if there is a link between i and j, and gij = 0

otherwise. I will consider an undirected network, with a symmetric matrix g. Some of

the results below can be easily extended to directed networks (Mele, 2017; Badev, 2013;

Schweinberger and Handcock, 2015).

The network formation process works as follows. In period 0, nature randomly chooses the

type for each player i. Conditional, on the types Z = z, the network is formed sequentially

as in Mele (2017) and Mele and Zhu (2020): in each period, two random players, i and j

meet with probability ρ(g, zi, zj, xi, xj). This probability can depend on the existing network

g: for example, two people may meet more often if they have some friends in common. The

function ρ also depends on the unobservable communities indicators zi and zj: people be-

longing to the same community may have more opportunities to meet than people in different

communities, for example. Finally, it can also depend on the observable characteristics xi

and xj: for example, people with similar observable characteristics may meet more often.

Similar biased meetings are used in Currarini et al. (2009) and Currarini et al. (2010). Mele

(2017), Badev (2013) and Chandrasekhar and Jackson (2014) also consider variants of this

meeting technology. Furthermore, rho could be a function of the size of the network n: it

could be easier to meet people in small networks than in large networks, for example.

Upon meeting, i and j decide whether to update their link gij: if the link does not exists,

they decide whether to form it; if the link already exists, they choose whether to delete it.

When updating the link, players behave myopically, and do not consider how their decision

affects the future evolution of the network. This modeling approach is similar to Nakajima

(2007), Mele (2017), Mele and Zhu (2020), Badev (2013), Bala and Goyal (2000), Jackson

and Watts (2001) among others. I assume that players i and j maximize their joint payoff,

when updating a link; this decision rule is compatible with pairwise stability with transfers,
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one of the most common equilibrium notions used in the network literature (Jackson (2008),

Mele and Zhu (2020), Chandrasekhar and Jackson (2014)).

2.1. Meeting technology. The probability ρ(g, zi, zj, xi, xj) governs the opportunity to

create and delete links. To obtain a closed-form solution for the likelihood of a network, I

impose the following assumptions on the function ρ. Let g−ij denote the network g with the

exclusion of link gij.

ASSUMPTION 1. Conditional on the unobserved community structure z, the meetings

are i.i.d. over time and the probability that i and j meet is

(2) ρ(g, zi, zj, xi, xj) = ρ(g−ij, zi, zj, xi, xj) > 0

I also assume that the sum of these probabilities over all possible pairs of players is one.

This assumption guarantees that any two pair of agents in the network can meet with

positive probability. Additionally, the long-run stationary distribution of the network will

be independent of ρ, because the meeting probability ρ(g, zi, zj, xi, xj) = ρ(g−ij, zi, zj, xi, xj)

does not depedend on the existence of a link between i and j. The latter property is sufficient

condition for detailed balance.

2.2. Preferences. Players’ preferences are defined over networks, observable characteristics

and unobservable types. Players receive payoffs from their direct connections, and external-

ities from common friends.

Let Ui(g, x, z; θ) denote the utility of player i from network g, observable characteristics

x, community structure z and parameters θ = (θu, θv). Preferences are described by

(3) Ui(g, x, z; θ) =
n∑
j=1

gij

[
uij(θu) +

n∑
r 6=i,j

gjrgrivijr(θv)

]
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where uij(θu) := u(xi, xj, zi, zj; θu) and vij(θv) := v(xi, xj, xr, zi, zj, zr; θv) are the payoffs of

direct connections and common friends, respectively.

Player i receives a direct payoff u(xi, xj, zi, zj; θu) for each link she creates (when gij = 1).

This payoff may depend on the unobservable type zi and zj: for example, a person may have

a bias for people of the same type; it may also depend on the observable characteristics xi

and xj: for example, preferences may be a biased in favor of links with people of the same

race, gender, income level, etc. The payoff u(xi, xj, zi, zj; θu) includes both costs and benefits

of direct connections, so it should be interpreted as net benefit of forming a link. We assume

as in Jackson and Wolinsky (1996) that players pay a cost for direct links, but not indirect

connections.

Player i receives an additional payoff v(xi, xj, xr, zi, zj, zr; θv) for each friend in common

with j. In general, this payoff depends on observables and can vary across types.

Throughout the paper, the payoffs functional forms are restricted for tractability and

identification purposes according to the following assumption.

ASSUMPTION 2. Consider a triple of players i, j, and r. Let φ(ijr) be a permutation

of ijr. The payoff from common neighbors vijr(θv) satisfies

(4) vijr(θv) = vφ(ijr)(θv)

for any permutation φ(ijr) of ijr.

This assumption does not mean that each triple of players receives the same payoff from

common friends. Indeed, the assumption restricts the payoffs such that v123 = v213 = v132 =

v231 = v321 = v312. However, it allows v123 6= v124, for example. So different triples {123}

and {124} are allowed to have different preferences for common friends.

2.3. Preference shocks. Players receive a joint matching shock to the preferences before

choosing whether to update a link. The random shock models idiosynchratic reasons that
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could affect the decision to link: for example, in a particular period, a player i could be in a

bad mood and reject a link to another player j that would have generated positive surplus.

ASSUMPTION 3. Players receive a logistic matching shock before updating their links,

which is i.i.d. over time and across pairs.

Assumption 3 is standard in discrete choice models (Heckman (1978)), and it is crucial to

obtain the likelihood in closed-form (Mele (2017), Mele and Zhu (2020), Chandrasekhar and

Jackson (2014)), to perform maximum likelihood or Bayesian estimation.

2.4. Equilibrium. The structure imposed by Assumptions 1, 2 and 3 implies that network

formation is a potential game (Monderer and Shapley (1996), Mele (2017)). There exists

a potential function that summarizes the deterministic incentives of all the players. Upon

meeting, the incentives of the players to form a particular link gij are given by the surplus

generated by forming the link and the matching shock

(5) Ui(g, x, z; θ) + Uj(g, x, z; θ)− [Ui(g
′, x, z; θ) + Uj(g

′, x, z; θ)] + εij

where g is a network where i and j have a link, that is gij = 1; and g′ is the same network g,

excluding the link between i and j, that is g′ij = 0 and g′−ij = g−ij; and εij is the preference

shock. We can show that there exists an aggregate function of the network that summarizes

the incentives of forming links, that is a function Q with property

(6) Q(g, x, z; θ)−Q(g′, x, z; θ) = Ui(g, x, z; θ)+Uj(g, x, z; θ)− [Ui(g
′, x, z; θ) + Uj(g

′, x, z; θ)]

The following proposition shows that such function exists and has a specific functional form.

PROPOSITION 1. Conditional on the community structure z, the network formation

game is a potential game and there exists an aggregate potential function Q that summarizes
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the incentives of the players to form links upon meeting

(7) Q(g, x, z; θ) =
n∑
i=1

n∑
j=1

gijuij(θu) +
2

3

n∑
i=1

n∑
j=1

n∑
r 6=i,j

gijgjrgrivijr(θv)

Proof. See Appendix A. �

The results in Proposition 1 implies that when computing equilibria of the network for-

mation game, all the relevant information for computing profitable deviations is encoded in

the potential. Furthermore, in a model without stochastic matching shocks, the profitable

deviations of i and j can be computed by using the difference in utility (the right-hand side

of equation (6)) or equivalently the difference in potential (the left-hand side of equation

(6)). The main consequence is that all the pairwise stable networks (with transfers) can be

found as local maxima of the potential (Monderer and Shapley (1996), Mele (2017), Jackson

and Watts (2001)).

The existence of a potential function is important because it guarantees existence of at least

one equilibrium (Monderer and Shapley (1996), Jackson (2008), Mele (2017)). An additional

practical advantage is that one can simulate the network formation process without keeping

track of each player profitable deviations: all that information is already incorporated in the

potental function, which is a scalar.

The network formation model is a finite state space Markov chain, because the number

of networks is finite. The chain is irreducible and aperiodic, because any pair of players

can meet and update their link, and there is always a positive probability to update, given

the assumptions on the preference shock and the meetings. Therefore network sequence

generated by the model converges to a unique stationary distribution in the long run.

PROPOSITION 2. Under Assumptions 1-3 and conditional on the community structure

z, the sequence of networks generated by the model is a Markov chain with unique stationary
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distribution π(g, x, z; θ):

(8) π(g, x, z; θ) =
exp [Q(g, x, z; θ)]

c(θ, x, z)

where c(θ, x, z) =
∑

g′∈G Q(g′, x, z; θ) is a normalizing constant, summing over the set G of

all possible networks with n players.

Proof. The proof is analogous and follows the same steps of Theorem 1 in Mele (2017),

therefore it is omitted for brevity. �

In the long run, the Markov chain of networks will spend most time in network configu-

rations that have high potential. The result in Proposition 1 shows that the local maxima

of the potential are pairwise stable (with transfers); therefore in the long run the networks

that are most likely to be observed are pairwise stable.

I assume that the network in the data is a draw from the stationary equilibrium of the

model, therefore the distribution (8) is the likelihood of observing a particular network,

conditional on the community structure.

3. Estimation

3.1. Model specification. In estimating the model, I consider several alternative specifi-

cations that parametrize the payoffs. The utility from direct links is parameterized as

(9) u(xi, xj, zi, zj;α, β) = αzizj +
P∑
p=1

βpfp(xi, xj)

The first part of the utility is parameter αzizj , which is allowed to vary by community. The

second part is a function of covariates and does not vary across blocks. Example of possible
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functions fp’s are:

fp(xi, xj) = |xi − xj|; fp(xi, xj) = 1{xi=xj}

fp(xi, xj) = 1{xi=xj=a}; fp(xi, xj) = xi + xj

fp(xi, xj) = xi · xj

This formulation of the net payoff from direct links assumes that the effect of observed and

unobserved variables is additively separable.

I consider two main parameterizations for α in the empirical analysis:

(1) Block-dependent α: parameter αzizj is assumed to be αzizj = αk if zik = 1. This

parameterization assumes that the net benefit of direct links varies with the unob-

served type of the player.

(2) Block-dependent α, restricted: αzizj = αk if zik = zjk = 1 and αzizj = αb

otherwise. This alternative parameterization assumes that the net benefit of a direct

link varies by the unobserved type of both individuals, in a restricted way. If both

have the same type k, the parameter is αk; otherwise, the parameter is αb.

For the utility from transitivity vijr, I consider three alternatives:

(1) No transitivity: vijr = 0 for any ijr. This corresponds to a simple stochastic

blockmodel (Airoldi et al., 2008; Mele et al., 2019).

(2) Global transitivity: the parameter γ does not change by community, vijr = γ for

all ijr. This is in line with the literature on ERGMs (Snijders, 2002; Mele, 2017;

Butts, 2009; Chandrasekhar and Jackson, 2016).

(3) Local transitivity: vijr = γk if zik = zjk = zrk = 1 and vijr = 0 otherwise. This

parameterization is the same used in Schweinberger and Handcock (2015) and it

assumes that players care about common neighbors only within the same community.
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Table 1. Parameterizations used in the empirical analysis

global transitivity local transitivity no transitivity (sbm)

block αzizj = αk if zik = 1 αzizj = αk if zik = 1 αzizj = αk if zik = 1

dependent vijr = γ for all ijr vijr =

{
γk if zik = zjk = zrk = 1

0 otherwise
vijr = 0 for all ijr

restricted αzizj =

{
αk if zik = zjk = 1

αb otherwise
αzizj =

{
αk if zik = zjk = 1

αb otherwise
αzizj =

{
αk if zik = zjk = 1

αb otherwise

vijr = γ for all ijr vijr =

{
γk if zik = zjk = zrk = 1
0 otherwise

vijr = 0 for all ijr

Table 1 summarizes the combinations of these parameterizations.

The models include the following covariates: race, gender, grade and parental income.

The final specification of the utility function is

u(xi, xj, zi, zj;α, β) = αzizj + βw,w1{raceij=white} + βb,b1{raceij=black} + βh,h1{raceij=hisp}

+ β7,71{gradeij=7} + β8,81{gradeij=8} + β9,91{gradeij=9} + β10,101{gradeij=10}(10)

+ β11,111{gradeij=11} + β12,121{gradeij=12}

+ βm,m1{genderij=male} + βf,f1{genderij=female} + βincome|incomei − incomej|

where raceij is a variable that records the race of both i and j; gradeij is the grade of the

pair ij and genderij is the gender of i and j. Our specification allows for homophily in race,

gender, grade and (parental) income. Homophily in unobservables is captured by αzizj .

3.2. Likelihood factorization with local transitivity. The potential functionQ(g, x, z, θ)

can be decomposed in within- and between-community potentials when we adopt the spec-

ification with local transitivity. Let gk,l denote the subnetwork formed by individuals of

communities Ck and Cl. Let x(k) denote the covariates of players in community Ck. The po-

tential can be decomposed into the sum of sub-potentials for the sub-networks gk,l’s and the

likelihood can be written as a factorized distribution. Lemma 1 in Appendix, proves that the

potential Q(g, x, z, θ) can be decomposed as the sum of subpotentials Qk,l(gk,l, x
(k), x(l), z; θ),
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separating the within-community and between-community contributions as follows:

Q(g, x, z; θ) =
K∑
k=1

Qk,k(gk,l, x
(k), z; θ) +

K∑
k=1

K∑
l>k

Qk,l(gk,l, x
(k), x(l), z; θ)(11)

=
K∑
k=1

[∑
i∈Ck

∑
j∈Ck

giju(xi, xj, zi, zj;α, β) +
2γk
3

∑
i∈Ck

∑
j∈Ck

∑
r∈Ck

gijgjrgri

]
(12)

+
K∑
k=1

K∑
l>k

[∑
i∈Ck

∑
j∈Cl

giju(xi, xj, zi, zj;α, β)

]
(13)

The main consequence of this decomposition is that the likelihood is factorized as

(14) π(g, x, z; θ) =
K∏
k=1

exp
[
Qk,k(gk,k, x

(k), z; θ)
]

ck,k(Gk,k, x(k); θ)

[
K∏
l>k

exp
[
Qk,l(gk,l, x

(k), x(l), z; θ)
]

ck,l(Gk,l, x(k), x(l); θ)

]

where the within-community normalizing constant is

(15) ck,k(Gk,k, x(k); θ) =
∑

ωk,k∈Gk,k

exp
[
Qk,k(ωk,k, x

(k), z; θ)
]

Notice that since Qk,l(gk,l, x
(k), x(l), z; θ) =

∑
i∈Ck

∑
j∈Cl giju(xi, xj, zi, zj;α, β) the second

part of the likelihood (14) can be written as the product of Bernoulli links,

K∏
l>k

exp
[
Qk,l(gk,l, x

(k), x(l), z; θ)
]

ck,l(Gk,l, x(k), x(l); θ)
=

K∏
l>k

∏
i∈Ck

∏
j∈Cl

exp [gij(u(xi, xj, zi, zj;α, β) + u(xj, xi, zj, zi;α, β))]

1 + exp [u(xi, xj, zi, zj;α, β) + u(xj, xi, zj, zi;α, β)]

To summarize, this parameterization of the model with local transitivity generates inde-

pendence among between-commmunities links, while the links generated within-community

may have strong dependence. The final result is a model that mantains the complex de-

pendence structure of the exponential family random graphs locally, while allowing for weak

dependence among links globally. This model is compatible with the exponential random

graphs with local dependence developed in Schweinberger and Handcock (2015).
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3.3. Priors. The main challenge in estimation of the model is that the community structure

is unknown. The Bayesian approach is to impose a prior on the number of communities and

use that to estimate the posterior. I follow Schweinberger and Handcock (2015) and use

their nonparametric priors to model the communities. The likelihood of the model can be

written as

(16) L (g, Z; θ, η, x) =
∑
z∈Z

Pθ (G = g|X = x, Z = z)Pη (Z = z)

The first part is the likelihood of observing network g in the long run, given the covariates x

and the community structure z. For the community structure, I follow a standard assumption

in the stochastic blockmodels literature (Airoldi et al. (2008), Schweinberger and Handcock

(2015)), and use a multinomial distribution with probability of membership ηk ∈ [0, 1] for

k = 1, .., K and
∑K

k=1 ηk = 1,

(17) Zi|η1, ..., ηK
iid∼ Multinomial (1; η1, ...ηK) for i = 1, ..., n

Following Ishwaran and James (2001) and Schweinberger and Handcock (2015), I use the

following nonparametric prior for ηk, k = 1, 2, 3, ..., K,

η1 = V1(18)

ηk = Vk

k−1∏
j=1

(1− Vj) k = 2, 3, 4, ...(19)

Vk|φ
iid∼ Beta(1, φ) k = 1, 2, 3, ...(20)

φ > 0 and
K∑
k=1

ηk = 1 w.p.1(21)

As a practical matter, the estimation of the posterior is computationally expensive, espe-

cially when the number of communities K is large. The priors for the payoffs are multivariate

normals, because there is no practical advantage from using conjugate priors that also depend
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on normalizing constant. For the specification with local transitivity I use

(αk, γk)|µw,Σw ∼ MVN (µw,Σw) for k = 1, .., Kmax(22)

β|µβ,Σβ ∼ MVN (µβ,Σβ)(23)

while for the global transitivity specification I use

αk|µw,Σw ∼ MVN (µw,Σw) for k = 1, .., Kmax(24)

(β, γ)|µβ, µγ,Σ ∼ MVN

µβ
µγ

 ,

 Σβ Σβ,γ

Σβ,γ Σγ

(25)

In the restricted specification the prior for the between-block parameter αb is

αb|µb,Σb ∼ MVN (µb,Σb)(26)

I adopt a hierarchical approach and specify hyper-priors for each parameter, following

Schweinberger and Handcock (2015). For details see Appendix.

3.4. Posterior and MCMC algorithm. The complex form of the likelihood does not

allow direct sampling from the posterior. I rely on the exchange MCMC method developed

in Murray et al. (2006) and Liang (2010) and adapted to network models in Caimo and Friel

(2011), Atchade and Wang (2014), Schweinberger and Handcock (2015) and Mele (2017).

To be concrete, consider the specification with restricted block-dependent parameters and

local transitivity. The posterior distribution can be written as follows

p(φ, µw,Σw, µb,Σb, µβ,Σβ, η, α,β, γ, z|g, x) ∝ p(φ, µw,Σw, µb,Σb, µβ,Σβ, η, α, β, γ)(27)

× Pη (Z = z)Pθ (G = g|X = x, Z = z)
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where p(φ, µw,Σw, µb,Σb, µβ,Σβ, η, α, β, γ) is the prior distribution. The prior is assumed to

factorize in the following form

p(φ, µw,Σw, µb,Σb, µβ,Σβ, η, α, β, γ) = p(φ)p(µw)p(Σw)p(µb)p(Σb)p(µβ)p(Σβ)(28)

× p(η|φ)p(αb|µb,Σb)p(β|µβ,Σβ)

×

[
Kmax∏
k=1

p(αk, γk|µw,Σw)

]

The details of the sampler are provided in Murray et al. (2006), Mele (2017), Caimo and

Friel (2011), Liang (2010) and Schweinberger and Handcock (2015) and are implemented in

the package hergm in R (Schweinberger and Luna, forthcoming).

The exchange algorithm for this model is slightly different from the original Murray et al.

(2006) and Liang (2010)’s sampler used in Mele (2017). The main additional complication

is that the communities are unknown, and therefore need to be treated as an additional

parameter in the sampler. The algorithm augments the posterior parameters with auxiliary

variables g∗, z∗ and θ∗ := (α∗, β∗, γ∗), proceeding with the following steps at each iteration:

(1) Sample (θ∗, z∗) from auxiliary distribution q(θ∗, z∗|η, θ, z, g)

(2) Sample g∗ from π(ω, x, z∗; θ∗) using the Metropolis-Hastings sampler of Mele (2017);

(3) Propose to swap (θ, z) with (θ∗, z∗), accepting with probability min{1, exch}, where

exch is

exch =
Pη(Z = z∗)

Pη(Z = z)

q(θ, z|η, θ∗, z∗, g)

q(θ∗, z∗|η, θ, z, g)

π(g, x, z∗; θ∗)

π(g, x, z; θ)

π(g∗, x, z; θ)

π(g∗, x, z∗; θ∗)
(29)

×
∏Kmax

k=1 p(α∗k, γ
∗
k|µw,Σw)∏Kmax

k=1 p(αk, γk|µw,Σw)

and Pη(Z = z) is the multinomial distribution that generates the community struc-

ture, π(g, x, z; θ) is the stationary distribution of the model conditional on community

structure, and p(αk, γk|µw,Σw) are the priors.
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The practical implication of the formula for acceptance probability exch, is that the nor-

malizing constants included in the discrete exponential distribution cancel out. Therefore

the sampling using the exchange algorith is feasible, while sampling from the posterior using

standard Metropolis or Gibbs sampler is infeasible. For a formal discussion see Mele (2017),

Appendix B.

The auxiliary distribution q(θ∗, z∗|η, θ, z, g) proposes θ∗ that are Gaussians centered at θ

and z∗ that are generated from the full conditional distribution of the community member-

ships. The reason for such updates is that these local moves do not lead to a very high

rejection rate of the exchange algorithm, as pointed out in Caimo and Friel (2011) and Mele

(2017).

An additional challenge is that the likelihood of this model is invariant to permutations of

the community labels. This problem is common in the literature on finite mixture models,

where the likelihood is invariant to permutations of the labels of the mixture’s components

(Gelman et al. (2003), McLachlan and Peel (2000), Stephens (2000)). This complicates

inference for the community-specific parameters, because the community labels may switch

several times during the MCMC simulation. While the use of nonparametric priors partially

alleviate this problem, as they make the posterior not invariant to the labeling, the issue may

present itself in the MCMC simulations. Therefore I follow the Bayesian literature on finite

mixtures and use a relabeling algorithm, first developed in Stephens (2000) and suggested

by Schweinberger and Handcock (2015) for this class of models. This procedure makes the

label of the blocks consistent through the MCMC simulation output and is convenientely

implemented in R. Details are provided in Appendix.

3.5. A note on identification. While general results on parameters identification in this

class of models are rare, there is some work on special cases of this statistical model. If the

block structure is known or perfectly recovered, then the parameters that do not vary by

block are identifiable by variation of the sufficient statistics across blocks. Additionally, if the
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block structure is known, consistent estimation of block-dependent parameters is possible

(Schweinberger and Stewart, 2020). However, (Schweinberger and Stewart, 2020) assumes

parameters are restricted as αk = α log(nk), where nk is the number of nodes in block k.

In our hierarchical Bayesian approach we can identify the expected value of the prior for

block-dependent parameters. Using a relabeling algorithm and the nonparametric priors

discussed above, the posterior will not suffer from invariance of the block labels. Therefore,

we can also intepret the block-specific parameters.

Finally, Schweinberger (2020) shows that it is possible to estimate the block structure

consistently under assumptions on smoothness and weak dependence. To obtain consistent

estimates of the block structure, the model is restricted to the case where the exponential

family graph is identified. In appendix, I use Monte Carlo simulations with small networks

to show that block recovery for the model with local transitivity is possible and has similar

performance as the more standard stochastic blockmodel, assuming the model is correctly

specified.

4. Empirical Results

I use data from school 28 and Wave I (1994) of in Add Health, which contains complete data

on friendship networks and demographics of the students. This school contains 150 students

with 58.7% females, and there are 294 friendship links. The school is racially heterogeneous:

42% Whites/Caucasians, 45.3% African-Americans, 0.7% Asians, 10.7% Hispanics and 1.3%

Other race. The racial fragmentation index is 0.606. The school offers all grades from 7 to

12, with a relatively balanced population among the different age groups, respectively 17.3%,

17.3%, 20%, 16.7%, 14%, and 14.7%. The level of racial segregation, measured according to

the Freeman (1972) index is 0.72 for Whites/Caucasians, 0.764 for African Americans, and

0.429 for Hispanics. The segregation by gender is 0.255.

The estimated model includes controls for homophily in race, gender, grade and parental

income. These are some of the variables that are considered good predictors of friendships
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during adolescence (Moody, 2001; Mayer and Puller, 2008; Boucher, 2015; Calvo-Armengol

et al., 2009).

Figure 1. Posterior predictions of edges and triangles, comparison of three specifications.
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The figure reports simulated posterior predictions for number of edges and triangles for three models: no block
structure (K = 1) in the first row; local transitivity with K = 3 in the second row; global transitivity and K = 3 in
the third row. The vertical red line is the observed value in the data. The models with unobserved heterogeneity
put most of the posterior probability mass around the observed sufficient statistics, while the model with only one
block has bi-modal distribution of the posterior predictions.

4.1. Choosing the number of communities K and specification. There is no estab-

lished criterion to select a specification and the number of blocks K for this class of models.

Therefore, I follow an heuristic approach and select specification and K using a mix of

goodness-of-fit tests borrowed from the ERGM literature (Snijders, 2002; Koskinen, 2008).

This is also the approach suggested in Schweinberger and Handcock (2015) for hierarchical

ERGMs.

In practice, I estimate each specification in Table 1, with an increasingK = {1, 2, 3, 4, 5, ...}.

Using the estimated posterior of the parameters, I simulate many networks and check whether

the estimated model is able to replicate some empirical properties of the network in the data.
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Crucially, I check whether at a minimum, the model is able to replicate the number of links

and triangles, and other features such as number of stars degree distribution and homophily

levels. I choose the most parsimonious model, that is the one with the smallest K. More

details, tables and figures are shown in Appendix.

The first comparison is with a model that has no block structure, that is K = 1. Such

model is unable to replicate the aggregate features of the data. In Figure 1 I show the

ability of three different models to fit the most important sufficient statistics of the data,

number of edges and number of triangles. In the first row I report the histogram of posterior

predictions of a model with no community structure (K = 1). The observed value in the

data is the vertical red line. The posterior predictions are bi-modal, showing a pattern

that many practitioners of the ERGM literature have encountered in empirical applications

(Snijders, 2002; Chandrasekhar and Jackson, 2016; Mele, 2017). This model is unable to

replicate the feature of the data, providing predictions that generate an almost empty or

almost complete network in simulations. The second row and third row show the results

of the structural model with unobserved heterogeneity and K = 3. By comparison these

models’ posterior predictions impose most probability mass around the observed value of the

sufficient statistics. The model with local transitivity (second row) seems to perform slightly

better (last row).

Since the model without unobserved block structure performs poorly, I select my specifica-

tion among the models with K > 1. Following the procedure of Schweinberger and Handcock

(2015) immediately rules out the stochastic blockmodel specifications with vijr = 0 for any

ijr. Indeed stochastic blockmodels underestimate the number of triangles in each specifi-

cation and for any number of blocks K (see Figure 2 in Appendix). The specification with

unrestricted block dependence for α underestimate the number of 2-stars. Therefore the

specifications that fit best the current data are the ones with restricted block-dependence

for α.
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Based on the RMSE’s for posterior predictions of edges, two-stars and triangles in Tables

3, 4 and 5 in Appendix, the model with restricted block-dependence and global transitivity

seems to provide a better RMSE for these data. The conclusion is the same if we consider

using Median Absolute Deviation (MAD) instead of RMSE.

The chosen specification is a model with restricted block-dependence and local transitivity,

with K = 3 blocks. In appendix B and the online appendix I report the results for all the

estimated specifications.

4.2. Estimated structural parameters. The estimated structural parameters are shown

in Table 2, where I report the specification with K = 3. I include mean, standard deviation,

median and 2.5% and 97.5% quantiles of the posterior distribution.

The top panel reports the estimated prior mean and standard deviation for the block-

specific parameters, (µw,α, σw,α) for αk with k = 1, 2, 3 and (µw,γ, σw,γ) for γk’s. This param-

eters are identified in the hierarchical Bayes approach, as well as the parameters in Panel B,

that estimate homophily/heterophily in observed characteristics.

Most block-specific parameters are estimated precisely, with the exception of γ3, the payoff

from common friends in the third community; and the parameters relative to homophily by

gender (βmale,male and βfemale,female).

In panel A, I show the marginal posterior for the community-specific payoffs. The esti-

mated α’s are negative; the net community-specific payoff of links across communities αb is

higher than the net community-specific payoff within communities (α1, α2, α3) in absolute

value. While net payoffs of forming links within communities do not differ significantly for

students of type 1 and 2, individuals in community 3 seem relatively more social on average.

Panel B reports the estimates for terms including covariates. There is homophily by race,

as the marginal utility of a link increases when players form a link with a student of the

same racial group. The same effect is present for grade. The estimates for gender are close
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to zero and very widely spread. I also estimate homophily by income, as the coefficient

β|incomei−incomej | is negative.

Panel C shows the estimates for payoffs from common friends. An additional common

friend is more valuable for students of type 2 than type 1. For student of type 3 the estimate

is not very precise, but it is nonetheless positive on average.

I conclude that there is strong homophily by observable characteristics, especially race,

grade and income. In addition, the estimated marginal posteriors show that there is some

heterogeneity across communities in both net payoffs from direct links and payoffs from com-

mon friends. In particular there is a significant different in the payoff of forming links across

communities and within community. Community 3 seems to be the most social: student in

this community have either a lower cost or a higher benefit of forming links. Students in

community 2 care more about common friends than the average student. However, these

block-specific parameters have large posterior variability.

4.3. Fit of the model. The model fit is relatively good: our posterior predictions are able

to match the observed links, triangles and homophily. In appendix B, I show more details

about all the estimated models and specifications with additional goodness of fit figures.

Figure 2 shows the histogram of posterior predictions for the number of links in the network

and the number of triangles. I simulated 1000 realizations of the network, drawing from

the posterior distribution of the parameters. The observed number of links is 294 and the

posterior mean prediction is 346.5, with median prediction of 317.

It is well known that the number of triangles, is the most difficult statistics to match.

Diaconis and Chatterjee (2013) and Mele (2017) show that in exponential-family random

graphs the number of triangles tends to be degenerate, either very close to zero or very close

to the maximum number. In this network, there are 133 triangles and the posterior mean

prediction is 225.6, with a median prediction of 133. There are some extreme values in the

posterior simulations but the general fit is good.
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Table 2. Estimated posterior of the structural parameters (K = 3)

Parameter Post. Post. Posterior quantiles
mean s.d. 2.5% 50% 97.5%

φ 0.117 0.686 2.130
µw,α -3.729 -2.501 -1.114
µw,γ -0.252 0.874 2.035
σw,α 0.406 0.849 1.585
σw,γ 0.512 1.021 1.767

A. Community-specific payoff
α1 -4.070 0.464 -4.888 -4.086 -3.091
α2 -3.854 0.587 -4.883 -3.895 -2.589
α3 -2.527 1.049 -4.385 -2.609 -0.316
αb -5.754 0.455 -6.636 -5.763 -4.837

B. Payoff from covariates
βwhite,white 1.002 0.246 0.500 1.017 1.420
βblack,black 0.923 0.252 0.424 0.938 1.364
βhisp,hisp 1.965 0.628 0.789 1.920 3.128
βgrade7,grade7 1.371 0.290 0.685 1.409 1.831
βgrade8,grade8 1.321 0.311 0.627 1.327 1.892
βgrade9,grade9 1.203 0.332 0.568 1.172 1.883
βgrade10,grade10 1.140 0.446 0.207 1.127 1.929
βgrade11,grade11 1.241 0.433 0.249 1.291 1.973
βgrade12,grade12 1.029 0.281 0.435 1.033 1.562
βmale,male -0.061 0.297 -0.689 -0.029 0.450
βfemale,female -0.170 0.254 -0.725 -0.135 0.294
β|incomei−incomej | -0.588 0.278 -1.208 -0.568 -0.136

C. Payoff from common friends
γ1 0.969 0.149 0.644 0.977 1.244
γ2 1.573 0.562 0.508 1.561 2.738
γ3 0.995 0.948 -0.889 0.969 2.920

The estimates are obtained from a run of 100,000 steps of the exchange algorithm, collecting a posterior sample of
8000 draws. Panel A shows the estimates of community-specific net payoffs; Panel B shows the estimates of the
homophily terms; Panel C shows the estimates for the common friends’ payoffs. I report mean, standard deviation,
median, the 2.5% and 97.5% quantiles.

Figure 3 shows that the model is able to replicate also the homophily by race. I report

the histograms of posterior predictions for the observed number of friendships among whites,

blacks and hispanics in the school. The red vertical line is the observed value. As in the

figures above, while there are some extreme values, the fit of the model is very good.
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Figure 2. Posterior predictions of number of links and triangles in the network
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The posterior predictions are obtained by a 1000 simulations from the posterior estimated in Table 2. The red line
is the value observed in the data

Figure 3. Posterior predictions for racial homophily
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The posterior predictions are obtained by a 1000 simulations from the posterior estimated in Table 2. The red line
is the value observed in the data.

The observed number of friendships among whites, african-american and hispanic students

are 99, 124 and 12, respectively. The predicted posterior means are 94.9, 118.4 and 10.8; the

predicted posterior medians are 83, 108 and 9 respectively.

I conclude that the estimated model is able to replicate the empirical aggregate features

of the network, both in terms of triadic closure and homophily.
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5. Conclusion

This paper has developed a structural model of network formation with observed and un-

observed player heterogeneity, generating homophily and clustering in equilibrium. Players

belongs to different unobserved communities that affect their cost and benefits of linking.

Agents care about the composition of their links and the number of common friends (tran-

sitivity), and update their links upon meeting. A sequential meeting technology generates a

sequence of meetings and link updates that in the long-run converges to a finite mixture of

discrete exponential family random graphs.

The model is fairly general and allows many different specifications of the payoffs. In

particular, the payoff from common friends could be modeled as a local (only matters within

blocks, as in (Schweinberger and Handcock, 2015)) or a global parameter (it is the same

within and across blocks, as in the ERGM literature (Mele, 2017; Snijders, 2002)). I also

estimate models without transitivity payoff, which correspond to a stochastic blockmodel

(Airoldi et al., 2008).

I show that the model with community structure is able to match the empirical features of

Add Health school friendship data, while also providing insights on the economics of network

formation. A model with no community structure cannot fit the number of triangles in the

observed network, while a model with few communities makes a great job at matching the

aggregate number of triangles and other sufficient statistics.

My empirical results suggest that students in different unobserved communities have dif-

ferent payoffs of direct links and have different payoffs from common friends. This adds to

the literature that shows how unobserved characteristics may affect network formation as

much as observables (Graham, 2017; Schweinberger and Handcock, 2015; Mele et al., 2019).

Therefore it is important to develop models of empirical network formation that can deal

with unobserved heterogeneity.
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A practical limitation of the approach is the computationl burden of estimation. My

Bayesian approach via exchange algorithm is not easily scalable to large networks. While

some of these issues can be partially attenuated by more efficient algorithms that exploit

the parallel nature of the MCMC samplers, an alternative approach to estimation relies on

approximate likelihood methods and recently developed two-step methods for unobserved

heterogeneity (Schweinberger, 2020; Bonhomme et al., 2017). I do not explore such methods

in this work, but my empirical and simulation results suggest that this modeling strategy

has clear benefits when compared to models without unobserved heterogeneity.
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Appendix A. Additional theoretical results

A.1. Proof of Proposition 1. Consider the network g = (gij = 1, g−ij), where gij is

the entry at row i and column j of g; and g−ij is the network g excluding entry gij. Let

g′ = (gij = 0, g−ij) be a network in which link ij is deleted. It is straighforward to show that

for any pair i and j the surplus from link gij is

Ui(g, x, z; θ) + Uj(g, x, z; θ) − [Ui(g
′, x, z; θ) + Uj(g

′, x, z; θ)]

= uij(θu) + uji(θu) + 2
n∑

r 6=i,j

gjrgrivijr(θv) + 2
n∑

r 6=i,j

girgrjvjir(θv)

and using the fact that that gij = gji in an undirected network and by Assumption 2

vijr(θv) = vjir(θv), we obtain

Ui(g, x, z; θ) + Uj(g, x, z; θ) − [Ui(g
′, x, z; θ) + Uj(g

′, x, z; θ)](30)

= uij(θu) + uji(θu) + 4
n∑

r 6=i,j

gjrgrivijr(θv)
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We need to show that the difference in potential Q(g, x, z; θ)−Q(g′, x, z; θ) is the same as

the expression above. In network g, we have gij = 1, so we write the potential as follows

Q(g, x, z; θ) = gijuij(θu) + gjiuji(θu) +
n∑
l 6=i

n∑
s 6=j

glsuls(θu)

+
2

3

[ n∑
r 6=i,j

gijgjrgrivijr(θv) +
n∑

r 6=i,j

gjigirgrjvjir(θv) +
n∑

r 6=i,j

gjrgrigijvjri(θv)

+
n∑

r 6=i,j

girgrjgjivirj(θv) +
n∑

r 6=i,j

grigijgjrvrij(θv) +
n∑

r 6=i,j

grjgjigirvrji(θv)
]

+
2

3

n∑
l 6=i

∑
s 6=j,i

∑
q 6=i,j,r

glsgsqgglvlsq(θv)

= uij(θu) + uji(θu) +
n∑
l 6=i

n∑
s 6=j

glsuls(θu)

+
2

3

[ n∑
r 6=i,j

gjrgrivijr(θv) +
n∑

r 6=i,j

girgrjvjir(θv) +
n∑

r 6=i,j

gjrgrivjri(θv)

+
n∑

r 6=i,j

girgrjvirj(θv) +
n∑

r 6=i,j

grigjrvrij(θv) +
n∑

r 6=i,j

grjgirvrji(θv)
]

+
2

3

n∑
l 6=i

∑
s 6=j,i

∑
q 6=i,j,r

glsgsqgglvlsq(θv)

= uij(θu) + uji(θu) +
n∑
l 6=i

n∑
s 6=j

glsuls(θu)

+ 4
n∑

r 6=i,j

gjrgrivijr(θv) +
2

3

n∑
l 6=i

∑
s 6=j,i

∑
q 6=i,j,r

glsgsqgqlvlsq(θv)

where the second equality follows from the fact that gij = gji = 1, and the third equality

uses the assumption vφ(ijr) = vijr and that gls = gsl for any s, l.

The value of the potential when with g′, where the link gij = 0, is

Q(g′, x, z; θ) =
n∑
l 6=i

n∑
s 6=j

glsuls(θu) +
2

3

n∑
l 6=i

∑
s 6=j,i

∑
q 6=i,j,r

glsgsqgqlvlsq(θv)
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Therefore we obtain that the difference

Q(g, x, z; θ)−Q(g′, x, z; θ) = uij(θu) + uji(θu) + 4
n∑

r 6=i,j

gjrgrivijr(θv)

where we are using the fact that gij = gji in an undirected network and by Assumption

2 vijr(θv) = vjir(θv). We can repeat the same reasoning for any pair ij to obtain the

proposition.

A.2. Perfect segregation meeting technology. Let’s consider a special case in which the

meeting probability is ρ(g−ij, xi, xj, zi, zj) = ρw(g−ij, xi, xj) if zi = zj and ρb(g−ij, xi, xj, zi, zj) =

0 otherwise, for any pair (i, j). This is a case in which the meeting process generetes perfect

segregation. It is easy to show that when this is the case I can factorize the likelihood of

observing the network as the product of K subnetwork likelihoods, one for each community.

PROPOSITION 3. Perfect segregation meeting technology.

If ρb(g=ij, xi, xj) = 0, then the likelihood of observing network g, conditional on the commu-

nity structure z and covariates x is

(31) π(g, x, z; θ) =
K∏
k=1

exp
[
Qk,k(gk,k, x

(k), z; θ)
]

ck,k(Gk,k, x(k); θ)

where the potential Qk,k(gk,k, x
(k), z; θ) is

(32) Qk,k(gk,k, x
(k), z; θ) =

∑
i∈Ck

∑
j∈Ck

giju(xi, xj, zi, zj;α, β) +
2γk
3

∑
i∈Ck

∑
j∈Ck

∑
r∈Ck

gijgjrgri

and the normalizing constant ck,k(Gk,k, x(k); θ) is

(33) ck,k(Gk,k, x(k); θ) =
∑

ωk,k∈Gk,k

exp
[
Qk,k(ωk,k, x

(k), z; θ)
]

Proof. When ρb(g−ij, xi, xj) = 0, there is no meeting of players across communities, therefore

no links across communities will be formed. Each community is independent; within the
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community, the network formation process is the same as Mele (2017) and Mele and Zhu

(2020) (see Theorem 1 in Mele (2017) for a proof). Therefore each community subnetwork

converges to an exponential random graph, with potential function Qk,k(gk,k, x
(k), z; θ). �

The likelihood in (31) factorizes as a product ofK independent exponential random graphs.

The factorization is quite useful in estimation and for the identification of the parameters.

In terms of estimation, one can parallelize the estimation routines, simulating a subnetwork

on each processor. In addition, given the i.i.d. nature of the sample, identification can be

obtained with standard regularity conditions for the exponential family. In particular, as

the number of communities grows large, the parameters are identified. See Lehman (1983)

for a general discussion. See also Badev (2013).

A.3. Likelihood factorization with local transitivity. When the model specification

includes local transitivity, vijr = γk if zik = zjk = zrk = 1 and vijr = 0 otherwise, the

likelihood in (8) factorizes in a convenient way as shown in the next lemma.

LEMMA 1. Assume that the model specification is: vijr = γk if zik = zjk = zrk = 1

and vijr = 0 otherwise. Then the likelihood factorizes in within- and between-communities

components.

Pθ (G = g|Z = z,X = x) =
K∏
k=1

P (Gk,k = gk,k|Z = z,X = x; θ)(34)

×

[
K∏
l>k

P (Gk,l = gk,l|Z = z,X = x; θ)

]

Proof. Let gk,l denote the subnetwork formed by individuals of communities Ck and Cl. Let

x(k) denote the covariates of players in community Ck. The potential can be decomposed into

the sum of sub-potentials for the sub-networks gk,l’s. That is, we can decompose the potential

Q(g, x, z, θ) as sum of subpotentials Qk,l(gk,l, x
(k), x(l), z), separating the within-community
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and between-community contributions as follows:

Q(g, x, z; θ) =
K∑
k=1

Qk,k(gk,l, x
(k);θ, z) +

K∑
k=1

K∑
l>k

Qk,l(gk,l, x
(k), x(l), z; θ)(35)

=
K∑
k=1

[∑
i∈Ck

∑
j∈Ck

giju(xi, xj, zi, zj;α, β) +
2γk
3

∑
i∈Ck

∑
j∈Ck

∑
r∈Ck

gijgjrgri

]
(36)

+
K∑
k=1

K∑
l>k

[∑
i∈Ck

∑
j∈Cl

giju(xi, xj, zi, zj;α, β)

]
(37)

This decomposition of the potential function allows us to rewrite the likelihood as follows

π(g, x, z; θ) =
K∏
k=1

exp
[
Qk,k(gk,k, x

(k), z; θ)
]

ck,k(Gk,k, x(k); θ)

[
K∏
l>k

exp
[
Qk,l(gk,l, x

(k), x(l), z; θ)
]

ck,l(Gk,l, x(k), x(l); θ)

]
(38)

=
K∏
k=1

P (gk,k|z, x; θ)

[
K∏
l>k

P (gk,l|z, x; θ)

]
(39)

where the normalizing constants ck,k(Gk,k, x(k); θ) and ck,l(Gk,l, x(k),x
(l)

; θ) are

ck,k(Gk,k, x(k); θ) =
∑

ωk,k∈Gk,k

exp
[
Qk,k(ωk,k, x

(k), z; θ)
]

(40)

ck,l(Gk,l, x(k), x(l); θ) =
∑

ωk,l∈Gk,l

exp
[
Qk,l(gk,l, x

(k), x(l), z; θ)
]

(41)

Notice that the potential decomposition above, is consistent with the result in Lemma ??;

that is, the sufficient statistics of the model can be written as sum of within- and between-

communities sufficient statistics. �

Appendix B. Estimation details

All the computations have been performed on a desktop Dell Precision T7620 with 2 Intel

Xeon CPUs E5-2697 v2 with 12 Dual core processors at 2.7GHZ each and 64GB of RAM.

I estimated all the models using the package hergm in R, developed by Schweinberger and
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Handcock (2015) and Schweinberger and Luna (forthcoming). The code for estimation and

replication is available from the author.

Each estimate is obtained with a 100,000 simulation run of the exchange algorithm. I

collect 10,000 samples and discard the first 2,000 as burnin. I also experimented with a

longer run of 200,000 steps, without changes in the results.

Add Health restricted-use data used in this paper can be obtained by applying at the

website: http://www.cpc.unc.edu/projects/addhealth

B.1. Block recovery in simulated data. In this section, I estimate the model using

simulated data for different specifications, and check the ability of the model and estimation

algorithm to recover the community structure and the payoffs’ parameters.

I generate 1000 networks with n = 60 nodes using the different spefications described in the

text. In each simulation, there are K = 3 blocks and each block contains nk = 20 nodes.

For each simulated network I estimate the block structure and the parameters.

Note that in each simulation, the block memberships are estimated using the correct

specification and assuming K = 3.

The parameters used to generate the simulated networks:

(1) restricted, local transitivity: α = (α1, α2, α3) = (−3,−2,−1); γ = (γ1, γ2, γ3) =

(0.5, 0.5, 0.5); αb = −6;

(2) restricted, global transitivity: α = (α1, α2, α3) = (−3,−2,−1); γ = 0.2; αb =

−6;

(3) unrestricted, local transitivity: α = (α1, α2, α3) = (−3,−2,−1); γ = (γ1, γ2, γ3) =

(0.5, 0.5, 0.5);

(4) unrestricted, global transitivity: α = (α1, α2, α3) = (−3,−2,−1); γ = 0.2;

(5) restricted, no transitivity (sbm): α = (α1, α2, α3) = (−3,−2,−1); αb = −5;

(6) unrestricted, no transitivity (sbm): α = (α1, α2, α3) = (−3,−2,−1).

http://www.cpc.unc.edu/projects/addhealth
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The performance in recovering the block structure of the simulated data is assessed using

the Yule’s φ-coefficient as in Babkin et al. (2020)

(42) φ(ẑ, z) =
n0,0n1,1 − n0,1n1,0√

(n0,0 + n0,1)(n1,0 + n1,1)(n0,0 + n1,0)(n0,1 + n1,1)

where n0,0 is

(43) n0,0 :=
n∑
i<j

I (I (ẑi = ẑj) = 0) I (I (zi = zj) = 0)

and I is an indicator variable. The terms n0,1, n1,0 and n1,1 are defined analogously. The

quantity n0,0 is the number of nodes pairs assigned to distinct blocks under both the true z

and the estimated ẑ; on the other hand, n1,1 is the number of nodes pairs assigned to same

block under both the true z and the estimated ẑ. The number of pairs where true z and the

estimated ẑ block structure disagree are n0,1 + n1,0. The coefficient (42) is equal to 1 when

all the block assignments coincide under the true z and the estimated ẑ, and it is invariant

to the labeling of the blocks.

The boxplots of the simulation results are in Figure 4. First, note that the specification

with restricted block dependence and global transitivity estimates only one block, thus the

Yule’s φ-coefficient is not defined. This specification gives the worst performance in these

simulations. Second, the retstricted block dependence and local transitivity specification

performs best. Fianlly, the model with local transitivity performs as well as the stochastic

blockmodel.

B.2. Choice of K with Add Health data. There are no established methods to estimate

the number of communities in this class of models. To choose the number of blocks for our

model specification, I use an heuristic approach and compute Root MSE (RMSE) and Median

Absolute Deviation (MAD) of the posterior predictions for edges, 2-stars and triangles. These

results are shown in Tables 3, 4 and 5. The columns represents the different specifications,

while the rows indicate the number of communities.
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Figure 4. Monte Carlo experiments: block recovery performance of different specifications
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Boxplots of Yule’s coefficient (42) for several specifications of the model. Values closer to 1
indicate better recovery of the block structure. Each plot is generate by estimating 1000
simulated networks with n = 60 nodes, and K = 3 blocks of equal size. The model with
restricted block dependence and global transitivity estimates only one block.

Table 3. Root Mean Squared Error and Median Absolute Deviation of pos-
terior predictions, number of edges

Restricted Restricted Unrestricted Unrestricted Restricted Unestricted

Local trans Global trans Local trans Global trans SBM SBM

RMSE MAD RMSE MAD RMSE MAD RMSE MAD RMSE MAD RMSE MAD

K=2 235.54 86.73 77.55 54.86 97.55 47.44 74.75 17.79 23.92 23.72 23.06 23.72
K=3 138.97 70.42 91.04 57.82 117.22 16.31 111.22 17.79 22.65 22.24 22.95 22.24

K=4 172.09 67.46 78.32 62.27 119.17 18.53 80.49 56.34 23.97 23.72 179.32 23.72

K=5 136.84 72.65 76.78 53.37 183.74 75.61 71.57 12.60 23.08 22.24 53.54 23.72
K=6 138.95 65.98 1605.83 69.68 77.70 63.75 73.09 13.34 22.81 22.24 23.91 22.24
K=10 137.54 75.61 80.78 51.89 234.25 85.25 69.86 62.27 25.77 22.24 168.81 23.72

The method suggested in Schweinberger and Handcock (2015) is to estimate the model

with an increasing K, and choose the specification with the lowest RMSE for posterior

prediction of the number of triangles. Their specification only includes the model with

restricted block-dependent α and local transitivity. According to this method, one would

choose a model with K = 3, based on the RMSE in the first column of Table 5.
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Table 4. Root Mean Squared Error and Median Absolute Deviation of pos-
terior predictions, number of 2-stars

Restricted Restricted Unrestricted Unrestricted Restricted Unestricted

Local trans Global trans Local trans Global trans SBM SBM

RMSE MAD RMSE MAD RMSE MAD RMSE MAD RMSE MAD RMSE MAD

K=2 8433.64 1209.80 1473.34 675.32 6867.51 955.54 6681.56 652.34 247.08 243.15 267.66 246.11
K=3 3811.00 991.12 1938.73 968.14 10044.25 897.71 10342.54 778.37 218.02 215.72 272.03 236.47
K=4 5663.17 924.40 1442.05 832.48 9955.56 959.24 5832.33 1656.81 220.38 205.34 7683.64 253.52

K=5 3787.86 989.64 1512.53 762.06 7216.44 1177.18 6345.71 603.42 227.01 223.87 1657.37 240.92
K=6 3989.07 911.06 120081.28 1089.71 1364.88 781.33 7088.31 678.29 212.29 212.01 282.13 223.87
K=10 4002.89 976.29 1500.49 759.09 10207.10 1557.47 1642.81 1049.68 248.68 201.63 6947.38 255.01

Table 5. Root Mean Squared Error and Median Absolute Deviation of pos-
terior predictions, number of triangles

Restricted Restricted Unrestricted Unrestricted Restricted Unestricted
Local trans Global trans Local trans Global trans SBM SBM

RMSE MAD RMSE MAD RMSE MAD RMSE MAD RMSE MAD RMSE MAD

K=2 999.66 106.75 145.07 69.68 199.60 97.85 20.39 20.02 79.84 16.31 95.67 10.38

K=3 399.38 97.11 137.30 78.58 252.04 44.48 37.43 34.10 70.39 19.27 94.87 11.86
K=4 618.44 94.89 141.91 85.99 217.98 63.75 35.08 28.91 64.93 20.76 1013.65 11.86
K=5 373.55 90.44 112.82 66.72 797.80 100.82 27.16 31.13 72.21 16.31 192.77 11.86

K=6 419.11 93.40 19794.28 93.40 141.62 87.47 18.31 17.79 64.25 20.76 95.47 11.86
K=10 435.15 94.15 92.88 62.27 1167.92 111.94 120.01 79.32 60.01 19.27 834.52 13.34

B.2.1. Choosing K and specification using RMSE of posterior predictions. For each specifi-

cation, I choose the optimal number of K using the method of Schweinberger and Handcock

(2015). So K is the minimum number of blocks that minimizes the RMSE of posterior pre-

dictions for the number of triangles. This results in a choice of K = 3 for restricted block-

dependent and local transitivity, restricted block-dependent and global transitivity, and un-

restricted block-dependent stochastic blockmodel; K = 2 for unrestricted block-dependent

and local transitivity, and unrestricted block-dependent and global transitivity; K = 4 for

unrestricted block-dependent stochastic blockmodel. Figure 5 shows the histograms of pos-

terior predictions for edges, 2-stars and triangles for each of these models.

Note that the stochastic blockmodels are consistently under-estimating the number of

triangles, and therefore the clustering level of the network (Panel (C)). If we consider the

number of two-stars, it seems that the models with unrestricted block-dependence and tran-

sitivity (global and local) have a hard time fitting (Panel (B)). The model with restricted



A STRUCTURAL MODEL OF HOMOPHILY AND CLUSTERING IN SOCIAL NETWORKS 45

block-dependence and transitivity (global and local) seems to be doing a better job in fitting

these three network features.

The model with local transitivity puts most of the probability mass close to the observed

network statistics. Therefore, I prefer this specification in the empirical application.

B.2.2. Choosing K and specification using Median Absolute Deviation of posterior predic-

tions. Since in the simulations there are a few outliers, I also consider a more robust measure

of distance from the observed sufficient statistics: the Mean Absolute Deviation (MAD) of

posterior predictions for triangles. Indeed, in Table 5 I report the Median Absolute Deviation

of posterior predictions from observed triangles. Using those columns to choose K, I show

the histograms of the fit in Figure 6. Stochastic blockmodels underestimate the number of

triangles (Panel (C)), while the models with restricted block-dependence seem to give a bet-

ter fit. Models with unrestricted block-dependence consistently underestimate the number

of stars (Panel (B)).

B.3. Prior truncation. In the empirical application, the priors are truncated, so that the

number of communities is at most K. Therefore we have

η1 = V1(44)

ηk = Vk

K−1∏
j=1

(1− Vj) k = 2, 3, 4, ..., K(45)

Vk|φ
iid∼ Beta(1, φ) k = 1, 2, 3, ..., K − 1(46)

VK = 1(47)

φ > 0 and
K∑
k=1

ηk = 1 w.p.1(48)

This simpler formulation with truncation provides a more parsimonious model and improves

the speed of computations and simulations from the posterior. Truncation is indeed needed



46 ANGELO MELE JOHNS HOPKINS UNIVERSITY

Figure 5. Fit of different specifications for edges, 2-stars and triangles, ac-
cording to the choice of K using RMSE of posterior predictions of triangles,
for each specification.
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The graphs report the simulated posterior predictions for (A) edges, (B) 2-stars and (C) triangles. The number of

blocks K for each specification is choses according to the heuristic method of Schweinberger and Handcock (2015),

minimizing the RMSE for posterior predictions of triangles.

because the number of parameters to estimate depends on the number of communities and

we have only one network observation.
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Figure 6. Fit of different specifications for edges, 2-stars and triangles, ac-
cording to the choice of K using Median Absolute Deviation (MAD) of poste-
rior predictions of triangles, for each specification.
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The graphs report the simulated posterior predictions for (A) edges, (B) 2-stars and (C) triangles. The number of

blocks K for each specification is choses according to the heuristic method of Schweinberger and Handcock (2015),

minimizing the MAD for posterior predictions of triangles.



48 ANGELO MELE JOHNS HOPKINS UNIVERSITY

B.4. Hyper-priors used in estimation. I use the default in the hergm package in R. The

hyper prior on φ is

φ ∼ Gamma(1, 1)(49)

(50)

The hyper-priors for µw, µb, σw, σb are

µw ∼ N(0, 1)(51)

µb ∼ N(0, 1)(52)

σw ∼ Gamma(10, 10)(53)

σb ∼ Gamma(10, 10)(54)

(55)

All the variables are independent.

B.5. Data. The network used in the estimation exercise is from the National Longitudinal

Study of Adolescent Health (Add Health). This dataset contains information on a nationally

representative sample of US schools. The survey started in 1994, when the 90118 participants

were entering grades 7-12, and the project collected data in four successive waves.More

details about the sampling design and the representativeness are contained in Moody (2001)

and the Add Health website http://www.cpc.unc.edu/projects/addhealth/projects/

addhealth. Each student responded to an in-school questionnaire, and a subsample of

20745 was given an in-home interview to collect more detailed information about behaviors,

characteristics and health status. The survey asked each student a long set of demographic,

health and socioeconomic questions. In addition, students were provided with the roster

of their school and asked to identify up to 5 male and 5 female friends. One can think

that this limit could bias the friendship data, but only 3% of the students nominated 10

http://www.cpc.unc.edu/projects/addhealth/projects/addhealth
http://www.cpc.unc.edu/projects/addhealth/projects/addhealth
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friends (Moody, 2001). Moreover, the estimation routine could be easily extended to deal

with missing links. I use this part of the survey to construct the (undirected) network of

friendships.

The model estimated includes the following covariates: race, gender, grade and parental

income. These are some of the variables that are considered good predictors of friendships

during adolescence (Moody, 2001; Mayer and Puller, 2008; Boucher, 2015).

In this paper I use only data from school 28 and Wave I (1994), from the saturated sample.

Each student in this sample completed both the in-school and in-home questionnaires, and

the researchers made a significant effort to avoid any missing information on the students.

I use data on racial group, grade and gender of individuals. A student with a missing

value in any of these variables is dropped from the sample. Each student that declares to be

of Hispanic origin is considered Hispanic. The remaining non-Hispanic students are assigned

to the racial group they declared. Therefore the racial categories are: White, Black, Asian,

Hispanic and Other race. Other race contains Native Americans. I also control for homophily

in income, using the family income reported in a question from the parent questionnaire.

There are several cases in which the family income is missing. For those observations, I

imputed values drawn from the unconditional income distribution of the community. An

alternative but computationally very costly alternative is to introduce an additional step in

the simulation, in which the imputation of missing incomes is done at each iteration.

The school contains 150 students, with 58.7% females. The school is very racially hetero-

geneous: 42% Whites/Caucasians, 45.3% African-Americans, 0.7% Asians, 10.7% Hispanics

and 1.3% Other race. The racial fragmentation index is 0.606. The school offers all grades

from 7 to 12, with a relatively balanced population among the different age groups, respec-

tively 17.3%, 17.3%, 20%, 16.7%, 14%, and 14.7%.
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This school exhibits a high level of segregation, measure using the index developed by

Freeman (1972), that varies between a minimum of 0 (no segregation) and 1 (perfect seg-

regation). The measured segregation level is 0.72 for Whites/Caucasians, 0.764 for African

Americans, and 0.429 for Hispanics. The segregation by gender is 0.255.

B.6. Label invariance and relabeling algorithm. An additional challenge is that the

likelihood of this model is invariant to permutations of the community labels. This problem

is common in the literature on finite mixture models, where the likelihood is invariant to

permutations of the labels of the mixture’s components (Gelman et al. (2003), McLachlan

and Peel (2000), Stephens (2000)). This complicates inference for the community-specific

parameters, because the community labels may switch several times during the MCMC

simulation.

Nonetheless, the use of nonparametric priors implies that the full posterior is not invariant

to permutations of the community labels. This reduces the problem. Furthermore, after ob-

taining a MCMC sample from the posterior distribution, I use the algorithm of Schweinberger

and Handcock (2015) to relabel the output of the posterior simulations. This approach is

common in the Bayesian literature on finite mixture models.

Suppose to have a MCMC posterior simulation {θs, zs}ns=1 of length S. The relabeling

algorithm minimizes the loss function

(56) L(ξ, ν(Z)) = min
ν
L0 [ξ, ν(Z)]

where

(57) L0 [ξ, ν(Z)] = − log
n∏
i=1

ξi,Ci

where ξ is an n×K matrix whose entry ξi,k is the probability that individual i is reported

to be in community/type k; and ν(Z) is a permutation of the community structure Z.
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So the goal of the relabeling algorithm is to choose the matrix ξ that minimizes the

posterior expectation of loss function L [ξ, ν(Z)]. In practice the posterior expectation is

approximated by the Monte Carlo sample

1

S

S∑
s=1

min
νs

[L0 [ξ, νs(z
s)]] = min

ν1,...,νS

[
1

S

S∑
s=1

L0 [ξ, νs(z
s)]

]
(58)

and the algorithm starts from some initial permutation of the community labels ν1, ν2, ..., νS

and iterates on the following two steps until convergence:

(1) choose ξ̂ to minimize
∑S

s=1 [L0 [ξ, νs(z
s)]] subject to the constraint

∑K
k=1 ξi,k = 1 for

i = 1, ..., n;

(2) for s = 1, ..., S choose νs to minimize L0 [ξ, νs(z
s)]

The second step is infeasible unless the number of communities K is very small. Schwein-

berger and Handcock (2015)’s implementation uses Simulated Annealing to perform the S

minimizations in parallel. Similar algorithms for relabeling the output of the MCMC are

discussed in Gelman et al. (2003) and McLachlan and Peel (2000). More details on the

practical implementation are in Schweinberger and Handcock (2015) and Stephens (2000).

This procedure is implemented in the R package hergm.
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ONLINE APPENDIX:

NOT FOR PUBLICATION

Appendix C. Tables of estimates

Table 6. block restricted, local transitivity, K = 1

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.025 0.688 3.629
Mean of parameters of hergm term 1: µw,α -3.335 -1.745 -0.024
Mean of parameter of hergm term 2: µw,γ -0.899 0.558 1.952
Precision of parameters of hergm term 1: σw,α 0.378 0.811 1.492
Precision of parameter of hergm term 2: σw,γ 0.482 0.974 1.716
hergm term 1: parameter of block 1: -4.737 -3.896 -2.887
hergm term 2: parameter of block 1: 0.628 1.161 1.465
ergm term 1 parameter: 0.022 0.657 1.171
ergm term 2 parameter: 0.073 0.643 1.145
ergm term 3 parameter: -0.113 1.602 2.697
ergm term 4 parameter: 0.431 1.225 1.764
ergm term 5 parameter: 0.001 1.147 1.883
ergm term 6 parameter: 0.126 0.959 1.671
ergm term 7 parameter: -0.272 0.883 1.755
ergm term 8 parameter: -0.033 1.133 2.003
ergm term 9 parameter: -0.639 0.808 1.467
ergm term 10 parameter: -1.236 -0.365 0.294
ergm term 11 parameter: -1.144 -0.383 0.118
ergm term 12 parameter: -1.656 -0.869 -0.318
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Table 7. block restricted, local transitivity, K = 2

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.095 0.693 2.410
Mean of parameters of hergm term 1: µw,α -3.830 -2.531 -1.073
Mean of parameter of hergm term 2: µw,γ -0.330 0.874 2.059
Precision of parameters of hergm term 1: σw,α 0.391 0.828 1.581
Precision of parameter of hergm term 2: σw,γ 0.507 0.992 1.727
hergm term 1 parameter of block 1: -4.856 -4.155 -3.028
hergm term 1: parameter of block 2: -4.915 -4.111 -3.144
hergm term 1: between-block parameter: -6.766 -5.862 -4.895
hergm term 2: parameter of block 1: 0.666 0.991 1.272
hergm term 2: parameter of block 2: 0.736 1.618 2.758
hergm term 2: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: 0.348 0.933 1.317
ergm term 2 parameter: 0.394 0.942 1.345
ergm term 3 parameter: 0.805 2.156 2.937
ergm term 4 parameter: 0.689 1.402 1.938
ergm term 5 parameter: 0.422 1.287 1.911
ergm term 6 parameter: 0.434 1.297 1.839
ergm term 7 parameter: -0.224 1.056 1.752
ergm term 8 parameter: 0.157 1.233 1.999
ergm term 9 parameter: -0.088 1.030 1.629
ergm term 10 parameter: -0.817 -0.016 0.539
ergm term 11 parameter: -0.771 -0.129 0.308
ergm term 12 parameter: -1.248 -0.549 -0.093
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Table 8. block restricted, local transitivity, K = 3

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.117 0.686 2.130
Mean of parameters of hergm term 1: µw,α -3.729 -2.501 -1.114
Mean of parameter of hergm term 2: µw,γ -0.252 0.874 2.035
Precision of parameters of hergm term 1: σw,α 0.406 0.849 1.585
Precision of parameter of hergm term 2: σw,γ 0.512 1.021 1.767
hergm term 1: parameter of block 1: -4.888 -4.086 -3.091
hergm term 1: parameter of block 2: -4.883 -3.895 -2.589
hergm term 1: parameter of block 3: -4.385 -2.609 -0.316
hergm term 1: between-block parameter: -6.636 -5.763 -4.837
hergm term 2: parameter of block 1: 0.644 0.977 1.244
hergm term 2: parameter of block 2: 0.508 1.561 2.738
hergm term 2: parameter of block 3: -0.889 0.969 2.920
hergm term 2: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: 0.500 1.017 1.420
ergm term 2 parameter: 0.424 0.938 1.364
ergm term 3 parameter: 0.789 1.920 3.128
ergm term 4 parameter: 0.685 1.409 1.831
ergm term 5 parameter: 0.627 1.327 1.892
ergm term 6 parameter: 0.568 1.172 1.883
ergm term 7 parameter: 0.207 1.127 1.929
ergm term 8 parameter: 0.249 1.291 1.973
ergm term 9 parameter: 0.435 1.033 1.562
ergm term 10 parameter: -0.689 -0.029 0.450
ergm term 11 parameter: -0.725 -0.135 0.294
ergm term 12 parameter: -1.208 -0.568 -0.136
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Table 9. block restricted, local transitivity, K = 4

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.405 1.389 3.393
Mean of parameters of hergm term 1: µw,α -3.787 -2.677 -1.388
Mean of parameter of hergm term 2: µw,γ -0.303 0.812 1.893
Precision of parameters of hergm term 1: σw,α 0.433 0.905 1.624
Precision of parameter of hergm term 2: σw,γ 0.532 1.030 1.774
hergm term 1: parameter of block 1: -4.838 -4.155 -3.252
hergm term 1: parameter of block 2: -4.390 -2.935 -1.060
hergm term 1: parameter of block 3: -5.031 -3.019 -0.647
hergm term 1: parameter of block 4: -4.618 -3.741 -2.614
hergm term 1: between-block parameter: -6.568 -5.778 -5.043
hergm term 2: parameter of block 1: 0.657 0.961 1.228
hergm term 2: parameter of block 2: -0.859 0.834 2.436
hergm term 2: parameter of block 3: -1.426 0.896 3.136
hergm term 2: parameter of block 4: 0.497 1.380 2.339
hergm term 2: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: 0.491 1.050 1.486
ergm term 2 parameter: 0.491 0.924 1.330
ergm term 3 parameter: 0.972 2.053 3.068
ergm term 4 parameter: 0.877 1.533 1.901
ergm term 5 parameter: 0.635 1.364 1.884
ergm term 6 parameter: 0.599 1.242 1.768
ergm term 7 parameter: 0.387 1.136 1.962
ergm term 8 parameter: 0.475 1.297 1.848
ergm term 9 parameter: 0.416 1.014 1.622
ergm term 10 parameter: -0.483 0.061 0.542
ergm term 11 parameter: -0.533 -0.100 0.309
ergm term 12 parameter: -1.013 -0.512 -0.105
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Table 10. block restricted, local transitivity, K = 5

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.145 0.793 2.360
Mean of parameters of hergm term 1: µw,α -3.635 -2.381 -1.019
Mean of parameter of hergm term 2: µw,γ -0.577 0.704 1.947
Precision of parameters of hergm term 1: σw,α 0.434 0.890 1.611
Precision of parameter of hergm term 2: σw,γ 0.516 1.009 1.741
hergm term 1: parameter of block 1: -4.898 -3.958 -2.951
hergm term 1: parameter of block 2: -4.810 -2.839 -0.252
hergm term 1: parameter of block 3: -4.784 -2.761 -0.606
hergm term 1: parameter of block 4: -4.702 -2.550 -0.209
hergm term 1: parameter of block 5: -4.757 -2.654 -0.105
hergm term 1: between-block parameter: -6.485 -5.464 -4.521
hergm term 2: parameter of block 1: 0.635 1.016 1.311
hergm term 2: parameter of block 2: -1.270 1.102 3.120
hergm term 2: parameter of block 3: -1.516 0.753 2.822
hergm term 2: parameter of block 4: -1.522 0.691 2.961
hergm term 2: parameter of block 5: -1.522 0.777 2.926
hergm term 2: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: 0.302 0.867 1.447
ergm term 2 parameter: 0.213 0.831 1.394
ergm term 3 parameter: -0.415 1.923 2.992
ergm term 4 parameter: 0.618 1.397 1.962
ergm term 5 parameter: 0.433 1.290 1.951
ergm term 6 parameter: 0.350 1.182 1.900
ergm term 7 parameter: -0.247 1.035 1.838
ergm term 8 parameter: 0.181 1.307 2.082
ergm term 9 parameter: 0.107 1.016 1.742
ergm term 10 parameter: -0.984 -0.143 0.530
ergm term 11 parameter: -0.880 -0.326 0.268
ergm term 12 parameter: -1.280 -0.685 -0.145
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Table 11. block restricted, local transitivity, K = 6

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.505 1.358 2.935
Mean of parameters of hergm term 1: µw,α -3.505 -2.380 -1.170
Mean of parameter of hergm term 2: µw,γ -0.241 0.891 1.986
Precision of parameters of hergm term 1: σw,α 0.424 0.870 1.540
Precision of parameter of hergm term 2: σw,γ 0.547 1.034 1.773
hergm term 1: parameter of block 1: -5.199 -4.187 -3.121
hergm term 1: parameter of block 2: -4.781 -3.282 -1.360
hergm term 1: parameter of block 3: -4.816 -2.749 -0.347
hergm term 1: parameter of block 4: -4.680 -2.606 -0.335
hergm term 1: parameter of block 5: -4.645 -2.469 -0.230
hergm term 1: parameter of block 6: -3.680 -1.961 0.310
hergm term 1: between-block parameter: -6.979 -5.887 -4.991
hergm term 2: parameter of block 1: 0.669 0.993 1.240
hergm term 2: parameter of block 2: -0.057 1.358 2.665
hergm term 2: parameter of block 3: -1.446 0.941 3.117
hergm term 2: parameter of block 4: -1.293 0.920 3.022
hergm term 2: parameter of block 5: -1.376 0.918 3.085
hergm term 2: parameter of block 6: -0.500 1.138 2.876
hergm term 2: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: 0.456 1.054 1.626
ergm term 2 parameter: 0.349 0.969 1.529
ergm term 3 parameter: 1.002 2.253 3.010
ergm term 4 parameter: 0.767 1.482 2.046
ergm term 5 parameter: 0.436 1.390 1.980
ergm term 6 parameter: 0.409 1.368 1.977
ergm term 7 parameter: 0.285 1.247 2.037
ergm term 8 parameter: 0.515 1.377 2.065
ergm term 9 parameter: 0.198 0.983 1.645
ergm term 10 parameter: -0.611 -0.008 0.437
ergm term 11 parameter: -0.690 -0.164 0.149
ergm term 12 parameter: -1.183 -0.534 -0.093
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Table 12. block restricted, local transitivity, K = 10

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.526 1.441 3.090
Mean of parameters of hergm term 1: µw,α -3.629 -2.524 -1.389
Mean of parameter of hergm term 2: µw,γ -0.283 0.832 1.886
Precision of parameters of hergm term 1: σw,α 0.491 0.953 1.661
Precision of parameter of hergm term 2: σw,γ 0.556 1.058 1.787
hergm term 1: parameter of block 1: -4.722 -3.979 -3.177
hergm term 1: parameter of block 2: -4.732 -2.839 -0.631
hergm term 1: parameter of block 3: -4.816 -2.752 -0.546
hergm term 1: parameter of block 4: -4.854 -2.699 -0.446
hergm term 1: parameter of block 5: -3.910 -2.975 -1.899
hergm term 1: parameter of block 6: -4.695 -2.620 -0.434
hergm term 1: parameter of block 7: -4.553 -2.641 -0.246
hergm term 1: parameter of block 8: -4.774 -2.557 -0.327
hergm term 1: parameter of block 9: -4.792 -2.502 -0.168
hergm term 1: parameter of block 10: -4.728 -2.581 -0.331
hergm term 1: between-block parameter: -6.558 -5.735 -5.110
hergm term 2: parameter of block 1: 0.619 0.948 1.218
hergm term 2: parameter of block 2: -1.355 0.994 3.010
hergm term 2: parameter of block 3: -1.325 0.909 2.955
hergm term 2: parameter of block 4: -1.410 0.825 3.023
hergm term 2: parameter of block 5: -0.111 0.928 1.984
hergm term 2: parameter of block 6: -1.284 0.902 2.949
hergm term 2: parameter of block 7: -0.871 1.236 2.847
hergm term 2: parameter of block 8: -1.372 0.817 2.999
hergm term 2: parameter of block 9: -1.410 0.867 3.120
hergm term 2: parameter of block 10: -1.403 0.801 3.035
hergm term 2: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: 0.602 1.038 1.390
ergm term 2 parameter: 0.425 0.887 1.242
ergm term 3 parameter: 0.628 1.956 3.016
ergm term 4 parameter: 0.716 1.321 1.837
ergm term 5 parameter: 0.517 1.227 1.824
ergm term 6 parameter: 0.443 1.289 1.941
ergm term 7 parameter: 0.395 1.202 2.122
ergm term 8 parameter: 0.552 1.298 2.103
ergm term 9 parameter: 0.105 0.905 1.520
ergm term 10 parameter: -0.665 -0.004 0.503
ergm term 11 parameter: -0.652 -0.201 0.206
ergm term 12 parameter: -1.042 -0.548 -0.229
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Table 13. block restricted, global transitivity, K = 1

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.025 0.718 3.658
Mean of parameter of hergm term 1: µw,α -4.191 -2.304 -0.307
Precision of parameter of hergm term 1: σw,α 0.213 0.482 0.970
hergm term 1: parameter of block 1: -7.681 -7.004 -6.224
ergm term 1 parameter: 0.762 1.127 1.396
ergm term 2 parameter: 1.661 2.330 3.067
ergm term 3 parameter: 1.691 2.296 3.115
ergm term 4 parameter: 1.526 3.136 4.183
ergm term 5 parameter: 1.625 2.247 2.927
ergm term 6 parameter: 0.690 1.539 2.292
ergm term 7 parameter: 0.746 1.748 2.491
ergm term 8 parameter: 0.120 1.290 2.182
ergm term 9 parameter: -0.184 1.749 2.700
ergm term 10 parameter: 0.824 1.721 2.543
ergm term 11 parameter: 0.131 0.861 1.384
ergm term 12 parameter: 0.298 0.849 1.354
ergm term 13 parameter: -0.145 0.277 0.680

Table 14. block restricted, global transitivity, K = 2

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.061 0.452 1.520
Mean of parameter of hergm term 1: µw,α -4.935 -2.961 -0.814
Precision of parameter of hergm term 1: σw,α 0.124 0.332 0.861
hergm term 1: parameter of block 1: -11.126 -8.847 -6.777
hergm term 1: parameter of block 2: -8.287 -5.919 -3.954
hergm term 1: between-block parameter: -5.227 -4.536 -3.878
ergm term 1 parameter: 0.742 1.016 1.271
ergm term 2 parameter: 2.788 4.588 6.757
ergm term 3 parameter: 2.779 4.689 6.722
ergm term 4 parameter: 0.759 1.917 2.990
ergm term 5 parameter: 1.302 1.825 2.359
ergm term 6 parameter: 0.853 1.581 2.296
ergm term 7 parameter: 0.737 1.674 2.276
ergm term 8 parameter: -0.200 1.269 2.343
ergm term 9 parameter: 0.859 1.799 2.553
ergm term 10 parameter: 0.773 1.779 2.530
ergm term 11 parameter: -0.037 0.619 1.152
ergm term 12 parameter: 0.134 0.614 1.199
ergm term 13 parameter: -0.404 -0.028 0.344
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Table 15. block restricted, global transitivity, K = 3

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.058 0.469 1.834
Mean of parameter of hergm term 1: µw,α -4.818 -2.960 -0.913
Precision of parameter of hergm term 1: σw,α 0.174 0.510 1.148
hergm term 1: parameter of block 1: -10.314 -7.070 -5.340
hergm term 1: parameter of block 2: -8.224 -4.943 -0.602
hergm term 1: parameter of block 3: -6.208 -3.371 -0.261
hergm term 1: between-block parameter: -5.164 -4.330 -1.824
ergm term 1 parameter: 0.692 0.924 1.174
ergm term 2 parameter: 0.959 1.512 3.011
ergm term 3 parameter: 1.363 2.994 6.605
ergm term 4 parameter: 0.584 1.969 3.252
ergm term 5 parameter: 1.373 2.023 2.743
ergm term 6 parameter: 0.911 1.626 2.188
ergm term 7 parameter: 1.017 1.714 2.486
ergm term 8 parameter: 0.146 1.148 2.042
ergm term 9 parameter: 0.551 1.474 2.532
ergm term 10 parameter: -0.329 1.426 2.136
ergm term 11 parameter: -0.102 0.373 0.965
ergm term 12 parameter: -0.004 0.410 0.903
ergm term 13 parameter: -0.739 -0.162 0.340
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Table 16. block restricted, global transitivity, K = 4

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.043 0.188 0.808
Mean of parameter of hergm term 1: µw,α -3.863 -2.236 -0.516
Precision of parameter of hergm term 1: σw,α 0.323 0.674 1.269
hergm term 1: parameter of block 1: -6.108 -5.572 -5.064
hergm term 1: parameter of block 2: -4.861 -2.269 0.387
hergm term 1: parameter of block 3: -4.786 -2.215 0.453
hergm term 1: parameter of block 4: -4.749 -2.244 0.346
hergm term 1: between-block parameter: -4.512 -2.662 0.053
ergm term 1 parameter: 0.938 1.157 1.392
ergm term 2 parameter: 0.969 1.450 1.911
ergm term 3 parameter: 1.010 1.460 1.895
ergm term 4 parameter: 1.248 2.293 3.077
ergm term 5 parameter: 1.307 1.800 2.234
ergm term 6 parameter: 0.838 1.490 2.005
ergm term 7 parameter: 0.761 1.422 1.890
ergm term 8 parameter: 0.251 1.270 1.940
ergm term 9 parameter: 0.811 1.532 2.142
ergm term 10 parameter: 0.580 1.306 1.854
ergm term 11 parameter: -0.069 0.480 0.929
ergm term 12 parameter: -0.055 0.359 0.715
ergm term 13 parameter: -0.508 -0.098 0.216
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Table 17. block restricted, global transitivity, K = 5

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.127 0.750 2.462
Mean of parameter of hergm term 1: µw,α -4.916 -3.092 -0.983
Precision of parameter of hergm term 1: σw,α 0.091 0.386 1.063
hergm term 1: parameter of block 1: -15.020 -8.588 -6.121
hergm term 1: parameter of block 2: -7.427 -5.048 -1.639
hergm term 1: parameter of block 3: -7.856 -3.899 -0.073
hergm term 1: parameter of block 4: -6.774 -3.327 -0.146
hergm term 1: parameter of block 5: -6.529 -3.286 -0.268
hergm term 1: between-block parameter: -5.042 -4.415 -3.687
ergm term 1 parameter: 0.690 0.896 1.108
ergm term 2 parameter: 0.567 1.244 2.071
ergm term 3 parameter: 2.571 4.848 11.021
ergm term 4 parameter: 0.508 1.713 3.134
ergm term 5 parameter: 0.985 1.753 2.413
ergm term 6 parameter: 0.738 1.478 2.116
ergm term 7 parameter: 0.711 1.404 2.034
ergm term 8 parameter: 0.129 1.366 2.419
ergm term 9 parameter: 0.933 1.751 2.886
ergm term 10 parameter: 0.795 1.451 2.143
ergm term 11 parameter: -0.144 0.365 0.961
ergm term 12 parameter: -0.162 0.282 0.894
ergm term 13 parameter: -0.806 -0.224 0.275
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Table 18. block restricted, global transitivity, K = 6

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.215 1.073 2.926
Mean of parameter of hergm term 1: µw,α -4.535 -2.340 -0.075
Precision of parameter of hergm term 1: σw,α 0.029 0.113 0.845
hergm term 1: parameter of block 1: -7.876 -4.463 -0.601
hergm term 1: parameter of block 2: -26.801 -15.546 -6.458
hergm term 1: parameter of block 3: -8.851 -4.050 0.228
hergm term 1: parameter of block 4: -8.236 -3.075 0.977
hergm term 1: parameter of block 5: -7.762 -3.018 0.844
hergm term 1: parameter of block 6: -8.143 -2.981 0.837
hergm term 1: between-block parameter: -5.050 -4.323 -3.504
ergm term 1 parameter: 0.609 0.863 1.070
ergm term 2 parameter: 0.458 1.021 1.661
ergm term 3 parameter: 2.671 11.838 22.826
ergm term 4 parameter: -0.135 1.680 2.979
ergm term 5 parameter: 0.875 1.645 2.248
ergm term 6 parameter: 0.331 1.357 2.009
ergm term 7 parameter: 0.434 1.352 1.902
ergm term 8 parameter: -0.296 1.079 1.984
ergm term 9 parameter: 0.223 1.378 2.200
ergm term 10 parameter: 0.560 1.446 2.204
ergm term 11 parameter: -0.544 0.292 0.886
ergm term 12 parameter: -0.399 0.157 0.751
ergm term 13 parameter: -0.884 -0.274 0.368
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Table 19. block restricted, global transitivity, K = 10

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.166 0.495 1.889
Mean of parameter of hergm term 2: µw,α -4.654 -3.007 -1.167
Precision of parameter of hergm term 1: σw,α 0.338 0.700 1.296
hergm term 1: parameter of block 1: -7.464 -6.020 -5.141
hergm term 1: parameter of block 2: -7.375 -4.553 -0.528
hergm term 1: parameter of block 3: -5.702 -3.044 -0.281
hergm term 1: parameter of block 4: -5.669 -3.019 -0.373
hergm term 1: parameter of block 5: -5.596 -2.964 -0.300
hergm term 1: parameter of block 6: -5.616 -2.991 -0.257
hergm term 1: parameter of block 7: -5.491 -3.004 -0.346
hergm term 1: parameter of block 8: -5.563 -3.011 -0.308
hergm term 1: parameter of block 9: -5.589 -3.008 -0.330
hergm term 1: parameter of block 10: -5.571 -2.980 -0.284
hergm term 1: between-block parameter: -4.706 -4.025 -1.415
ergm term 1 parameter: 0.707 0.925 1.209
ergm term 2 parameter: 0.877 1.421 1.841
ergm term 3 parameter: 1.307 2.280 3.705
ergm term 4 parameter: 0.054 2.031 2.788
ergm term 5 parameter: 1.322 1.928 3.020
ergm term 6 parameter: 0.815 1.481 2.000
ergm term 7 parameter: 0.844 1.545 2.227
ergm term 8 parameter: 0.658 1.483 2.584
ergm term 9 parameter: 0.031 1.445 2.193
ergm term 10 parameter: 0.903 1.446 2.118
ergm term 11 parameter: -0.181 0.407 1.012
ergm term 12 parameter: -0.187 0.352 0.742
ergm term 13 parameter: -0.712 -0.232 0.289
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Table 20. block unrestricted, local transitivity, K = 1

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.025 0.716 3.704
Mean of parameter of hergm term 1: µw,α -2.240 -0.759 0.727
Mean of parameter of hergm term 2: µw,γ -1.000 0.432 1.858
Precision of parameter of hergm term 1: σw,α 0.480 0.961 1.686
Precision of parameter of hergm term 2: σw,γ 0.500 0.985 1.713
hergm term 1: parameter of block 1: -2.069 -1.585 -0.909
hergm term 2: parameter of block 1: 0.148 0.904 1.377
ergm term 1 parameter: -0.396 0.423 1.073
ergm term 2 parameter: -0.319 0.461 1.100
ergm term 3 parameter: -1.107 1.313 2.856
ergm term 4 parameter: 0.023 1.140 1.949
ergm term 5 parameter: -0.399 0.986 2.034
ergm term 6 parameter: -0.466 0.840 1.743
ergm term 7 parameter: -0.977 0.777 1.933
ergm term 8 parameter: -0.878 1.002 2.042
ergm term 9 parameter: -0.583 0.801 1.884
ergm term 10 parameter: -1.915 -0.738 0.130
ergm term 11 parameter: -1.659 -0.693 -0.016
ergm term 12 parameter: -2.461 -1.378 -0.677
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Table 21. block unrestricted, local transitivity, K = 2

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.043 0.307 1.054
Mean of parameter of hergm term 1: µw,α -1.859 0.103 2.070
Mean of parameter of hergm term 2: µw,γ -0.728 0.807 2.367
Precision of parameter of hergm term 1: σw,α 0.000 0.000 0.054
Precision of parameter of hergm term 2: σw,γ 0.452 0.926 1.675
hergm term 1: parameter of block 1: -3.241 -2.851 -2.474
hergm term 1: parameter of block 2: 20.273 398.882 843.026
hergm term 1: between-block parameter: 0.000 0.000 0.000
hergm term 2: parameter of block 1: 1.318 1.840 2.299
hergm term 2: parameter of block 2: -2.013 0.584 3.639
hergm term 2: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: 0.065 2.410 3.230
ergm term 2 parameter: 1.256 2.243 3.051
ergm term 3 parameter: 2.197 3.869 5.215
ergm term 4 parameter: 1.688 2.412 3.048
ergm term 5 parameter: 1.516 2.371 3.175
ergm term 6 parameter: 0.498 1.615 2.314
ergm term 7 parameter: -1.153 0.866 2.549
ergm term 8 parameter: 0.730 2.318 3.290
ergm term 9 parameter: 0.782 2.562 3.591
ergm term 10 parameter: -10.131 -7.462 0.121
ergm term 11 parameter: -0.086 0.376 0.814
ergm term 12 parameter: -4.759 -3.539 -0.737
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Table 22. block unrestricted, local transitivity, K = 3

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.430 1.854 5.009
Mean of parameter of hergm term 1: µw,α -1.925 -0.010 1.996
Mean of parameter of hergm term 2: µw,γ -1.854 0.119 2.005
Precision of parameter of hergm term 1: σw,α 0.000 0.000 0.000
Precision of parameter of hergm term 2: σw,γ 0.000 0.000 0.001
hergm term 1: parameter of block 1: 2113.920 5747.676 9386.677
hergm term 1: parameter of block 2: -2625.832 -1443.274 -346.442
hergm term 1: parameter of block 3: -1.389 -0.692 0.047
hergm term 1: between-block parameter: 0.000 0.000 0.000
hergm term 2: parameter of block 1: 89.809 243.393 365.219
hergm term 2: parameter of block 2: 158.017 169.733 180.386
hergm term 2: parameter of block 3: -0.292 1.429 3.735
hergm term 2: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: 17.196 20.430 23.722
ergm term 2 parameter: -8.654 -6.799 -5.104
ergm term 3 parameter: 8.342 10.663 12.818
ergm term 4 parameter: 22.925 26.738 30.011
ergm term 5 parameter: 9.173 10.976 12.725
ergm term 6 parameter: -9.946 -8.151 -5.512
ergm term 7 parameter: 8.853 11.207 13.225
ergm term 8 parameter: 1.520 3.844 5.787
ergm term 9 parameter: 14.061 16.690 18.527
ergm term 10 parameter: -41.698 -39.273 -36.643
ergm term 11 parameter: 9.259 11.323 13.307
ergm term 12 parameter: -119.403 -116.877 -114.490
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Table 23. block unrestricted, local transitivity, K = 4

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.434 1.458 3.565
Mean of parameter of hergm term 1: µw,α -1.957 0.020 1.989
Mean of parameter of hergm term 2: µw,γ -1.923 0.064 1.980
Precision of parameter of hergm term 1: σw,α 0.000 0.000 0.000
Precision of parameter of hergm term 2: σw,γ 0.000 0.000 0.000
hergm term 1: parameter of block 1: -21.885 -17.364 -10.467
hergm term 1: parameter of block 2: 6.853 10.857 49.437
hergm term 1: parameter of block 3: 1468.200 5088.213 8699.978
hergm term 1: parameter of block 4: -2951.686 -1307.000 -110.136
hergm term 1: between-block parameter: 0.000 0.000 0.000
hergm term 2: parameter of block 1: 9.874 87.145 92.848
hergm term 2: parameter of block 2: 47.134 69.337 87.363
hergm term 2: parameter of block 3: -51.028 -26.690 -11.123
hergm term 2: parameter of block 4: 280.866 615.584 633.113
hergm term 2: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: 22.502 26.784 39.693
ergm term 2 parameter: -24.196 -20.002 -15.894
ergm term 3 parameter: 7.630 10.366 13.588
ergm term 4 parameter: 20.153 24.625 31.499
ergm term 5 parameter: 8.995 12.804 17.870
ergm term 6 parameter: -13.000 -7.835 -4.130
ergm term 7 parameter: 7.482 11.065 13.998
ergm term 8 parameter: -1.342 2.309 5.416
ergm term 9 parameter: 8.500 12.515 18.801
ergm term 10 parameter: -53.667 -49.739 -46.095
ergm term 11 parameter: 13.597 17.373 37.038
ergm term 12 parameter: -229.861 -226.243 -218.558
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Table 24. block unrestricted, local transitivity, K = 5

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.073 0.531 3.229
Mean of parameter of hergm term 1: µw,α -2.539 -1.067 0.945
Mean of parameter of hergm term 2: µw,γ -0.756 0.714 2.037
Precision of parameter of hergm term 1: σw,α 0.311 0.869 1.610
Precision of parameter of hergm term 2: σw,γ 0.494 0.975 1.714
hergm term 1: parameter of block 1: -2.981 -2.594 -2.102
hergm term 1: parameter of block 2: -3.463 -0.895 3.485
hergm term 1: parameter of block 3: -3.539 -0.944 3.762
hergm term 1: parameter of block 4: -3.567 -0.852 3.837
hergm term 1: parameter of block 5: -4.113 -1.601 2.177
hergm term 1: between-block parameter: 0.000 0.000 0.000
hergm term 2: parameter of block 1: 0.990 1.271 1.939
hergm term 2: parameter of block 2: -1.871 0.671 3.121
hergm term 2: parameter of block 3: -1.812 0.733 3.119
hergm term 2: parameter of block 4: -1.825 0.663 3.118
hergm term 2: parameter of block 5: -1.815 0.982 2.828
hergm term 2: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: 0.139 1.153 1.661
ergm term 2 parameter: 0.688 1.231 1.899
ergm term 3 parameter: 0.845 2.232 3.124
ergm term 4 parameter: 1.200 1.731 2.748
ergm term 5 parameter: 0.869 1.536 2.287
ergm term 6 parameter: 0.746 1.403 2.197
ergm term 7 parameter: 0.393 1.241 2.091
ergm term 8 parameter: 0.522 1.537 2.225
ergm term 9 parameter: 0.048 1.177 1.914
ergm term 10 parameter: -0.683 0.227 0.762
ergm term 11 parameter: -0.711 0.126 0.575
ergm term 12 parameter: -2.368 -0.356 0.065
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Table 25. block unrestricted, local transitivity, K = 6

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.077 0.242 0.932
Mean of parameter of hergm term 1: µw,α -2.754 -1.334 0.093
Mean of parameter of hergm term 2: µw,γ -0.836 0.583 1.979
Precision of parameter of hergm term 1: σw,α 0.480 0.922 1.627
Precision of parameter of hergm term 2: σw,γ 0.510 0.982 1.700
hergm term 1: parameter of block 1: -2.968 -2.738 -2.531
hergm term 1: parameter of block 2: -3.848 -1.332 1.020
hergm term 1: parameter of block 3: -3.761 -1.351 1.037
hergm term 1: parameter of block 4: -3.722 -1.358 1.161
hergm term 1: parameter of block 5: -3.801 -1.347 1.082
hergm term 1: parameter of block 6: -3.689 -1.297 1.124
hergm term 1: between-block parameter: 0.000 0.000 0.000
hergm term 2: parameter of block 1: 1.022 1.212 1.416
hergm term 2: parameter of block 2: -1.836 0.556 2.963
hergm term 2: parameter of block 3: -1.804 0.605 2.930
hergm term 2: parameter of block 4: -1.845 0.574 2.991
hergm term 2: parameter of block 5: -1.801 0.605 2.919
hergm term 2: parameter of block 6: -1.817 0.596 3.049
hergm term 2: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: 1.031 1.376 1.771
ergm term 2 parameter: 0.997 1.330 1.729
ergm term 3 parameter: 1.357 2.190 2.902
ergm term 4 parameter: 1.352 1.739 2.088
ergm term 5 parameter: 1.076 1.509 1.921
ergm term 6 parameter: 0.929 1.428 1.840
ergm term 7 parameter: 0.577 1.242 1.781
ergm term 8 parameter: 0.928 1.564 2.039
ergm term 9 parameter: 0.668 1.270 1.757
ergm term 10 parameter: -0.021 0.440 0.827
ergm term 11 parameter: 0.004 0.329 0.642
ergm term 12 parameter: -0.423 -0.127 0.144
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Table 26. block unrestricted, local transitivity, K = 10

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.183 0.727 2.298
Mean of parameter of hergm term 1: µw,α -2.445 -1.092 0.422
Mean of parameter of hergm term 2: µw,γ -0.790 0.650 2.106
Precision of parameter of hergm term 1: σw,α 0.456 0.930 1.620
Precision of parameter of hergm term 2: σw,γ 0.518 0.985 1.703
hergm term 1: parameter of block 1: -2.815 -2.511 -2.091
hergm term 1: parameter of block 2: -3.549 -1.031 1.544
hergm term 1: parameter of block 3: -3.447 -1.007 1.407
hergm term 1: parameter of block 4: -3.359 -1.048 1.475
hergm term 1: parameter of block 5: -3.441 -1.016 1.517
hergm term 1: parameter of block 6: -3.457 -1.066 1.579
hergm term 1: parameter of block 7: -3.395 -1.119 1.448
hergm term 1: parameter of block 8: -3.551 -1.086 1.405
hergm term 1: parameter of block 9: -3.493 -1.042 1.575
hergm term 1: parameter of block 10: -3.456 -1.081 1.547
hergm term 1: between-block parameter: 0.000 0.000 0.000
hergm term 2: parameter of block 1: 0.997 1.270 1.852
hergm term 2: parameter of block 2: -1.834 0.675 3.047
hergm term 2: parameter of block 3: -1.789 0.728 3.150
hergm term 2: parameter of block 4: -1.774 0.673 3.086
hergm term 2: parameter of block 5: -1.829 0.652 3.080
hergm term 2: parameter of block 6: -1.872 0.632 3.043
hergm term 2: parameter of block 7: -1.838 0.626 3.119
hergm term 2: parameter of block 8: -1.790 0.658 3.165
hergm term 2: parameter of block 9: -1.787 0.664 3.121
hergm term 2: parameter of block 10: -1.785 0.655 3.150
hergm term 2: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: 0.578 1.140 1.573
ergm term 2 parameter: 0.605 1.119 1.555
ergm term 3 parameter: 0.952 2.112 2.815
ergm term 4 parameter: 1.102 1.618 2.044
ergm term 5 parameter: 0.747 1.450 1.955
ergm term 6 parameter: 0.641 1.317 1.797
ergm term 7 parameter: 0.374 1.154 1.788
ergm term 8 parameter: 0.601 1.444 2.019
ergm term 9 parameter: 0.446 1.145 1.738
ergm term 10 parameter: -0.555 0.144 0.654
ergm term 11 parameter: -0.625 0.107 0.499
ergm term 12 parameter: -1.403 -0.365 0.014
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Table 27. block unrestricted, global transitivity, K = 1

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.027 0.685 3.631
Mean of parameter of hergm term 1: µw,α -2.790 -1.338 0.213
Precision of parameter of hergm term 1: σw,α 0.442 0.901 1.617
hergm term 1: parameter of block 1: -3.113 -2.832 -2.570
ergm term 1 parameter: 1.022 1.208 1.428
ergm term 2 parameter: 1.106 1.506 1.899
ergm term 3 parameter: 1.088 1.460 1.845
ergm term 4 parameter: 1.576 2.412 3.159
ergm term 5 parameter: 1.317 1.793 2.197
ergm term 6 parameter: 1.014 1.533 1.992
ergm term 7 parameter: 0.864 1.430 1.881
ergm term 8 parameter: 0.641 1.319 1.904
ergm term 9 parameter: 0.936 1.614 2.194
ergm term 10 parameter: 0.743 1.324 1.862
ergm term 11 parameter: 0.032 0.478 0.909
ergm term 12 parameter: 0.018 0.372 0.734
ergm term 13 parameter: -0.385 -0.070 0.222



A STRUCTURAL MODEL OF HOMOPHILY AND CLUSTERING IN SOCIAL NETWORKS 73

Table 28. block unrestricted, global transitivity, K = 2

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.044 0.314 1.066
Mean of parameter of hergm term 1: µw,α -1.915 0.006 1.965
Precision of parameter of hergm term 1: σw,α 0.000 0.000 0.000
hergm term 1: parameter of block 1: -2.507 -2.278 -2.053
hergm term 1: parameter of block 2: 1320.302 3008.395 4693.625
hergm term 1: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: -1.217 -0.879 -0.562
ergm term 2 parameter: 0.223 0.801 1.404
ergm term 3 parameter: 2.316 2.766 3.256
ergm term 4 parameter: 2.244 3.201 4.123
ergm term 5 parameter: 2.882 3.505 4.109
ergm term 6 parameter: 0.234 1.128 1.917
ergm term 7 parameter: 1.978 2.605 3.197
ergm term 8 parameter: 1.944 2.750 3.471
ergm term 9 parameter: 1.750 2.520 3.281
ergm term 10 parameter: 0.512 1.334 2.126
ergm term 11 parameter: 0.181 0.594 1.005
ergm term 12 parameter: -1.972 -1.427 -0.954
ergm term 13 parameter: -2.400 -1.909 -1.468
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Table 29. block unrestricted, global transitivity, K = 3

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.126 0.553 1.501
Mean of parameter of hergm term 1: µw,α -1.965 0.023 1.959
Precision of parameter of hergm term 1: σw,α 0.000 0.000 0.000
hergm term 1: parameter of block 1: 2.679 3.891 5.048
hergm term 1: parameter of block 2: -71.812 -60.524 -55.409
hergm term 1: parameter of block 3: 2088.061 5820.823 9586.061
hergm term 1: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: -27.393 -25.246 -23.401
ergm term 2 parameter: -14.035 -11.872 -9.451
ergm term 3 parameter: 32.461 35.222 37.320
ergm term 4 parameter: 5.146 8.007 10.283
ergm term 5 parameter: 22.365 24.307 26.698
ergm term 6 parameter: 3.227 6.199 8.607
ergm term 7 parameter: 4.435 6.730 9.287
ergm term 8 parameter: 11.235 13.814 16.271
ergm term 9 parameter: 9.665 12.318 14.839
ergm term 10 parameter: 0.490 2.685 4.904
ergm term 11 parameter: 14.089 16.307 18.274
ergm term 12 parameter: -35.623 -33.627 -31.390
ergm term 13 parameter: -28.009 -25.636 -24.068
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Table 30. block unrestricted, global transitivity, K = 4

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.494 1.729 4.198
Mean of parameter of hergm term 1: µw,α -1.969 -0.018 1.919
Precision of parameter of hergm term 1: σw,α 0.000 0.000 0.048
hergm term 1: parameter of block 1: -23.914 -13.875 0.815
hergm term 1: parameter of block 2: 18.227 3335.955 7037.310
hergm term 1: parameter of block 3: -3097.586 -1677.432 -13.495
hergm term 1: parameter of block 4: -0.646 35.172 81.310
hergm term 1: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: -92.845 -40.919 0.024
ergm term 2 parameter: 2.102 44.462 59.335
ergm term 3 parameter: -47.134 -20.831 2.411
ergm term 4 parameter: 2.839 10.480 13.883
ergm term 5 parameter: 3.878 26.301 31.995
ergm term 6 parameter: 2.271 16.922 22.156
ergm term 7 parameter: -7.549 2.972 8.403
ergm term 8 parameter: 1.898 12.199 16.697
ergm term 9 parameter: -9.671 -5.972 0.245
ergm term 10 parameter: 2.193 16.454 20.217
ergm term 11 parameter: -80.791 -47.851 -1.202
ergm term 12 parameter: 1.390 34.479 52.723
ergm term 13 parameter: -283.134 -179.109 -4.896
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Table 31. block unrestricted, global transitivity, K = 5

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.369 1.210 3.004
Mean of parameter of hergm term 1: µw,α -1.929 0.041 2.025
Precision of parameter of hergm term 1: σw,α 0.000 0.000 0.015
hergm term 1: parameter of block 1: -0.912 2.554 22.882
hergm term 1: parameter of block 2: -16.621 -9.769 -5.148
hergm term 1: parameter of block 3: 4.487 691.667 1252.156
hergm term 1: parameter of block 4: -28.512 -14.148 -7.007
hergm term 1: parameter of block 5: -1276.172 -757.162 240.313
hergm term 1: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: -3.547 -1.894 0.000
ergm term 2 parameter: 2.577 8.002 9.379
ergm term 3 parameter: 2.004 9.641 11.155
ergm term 4 parameter: -2.882 -0.889 7.699
ergm term 5 parameter: 2.146 3.321 14.303
ergm term 6 parameter: 0.357 4.584 6.011
ergm term 7 parameter: 0.778 5.240 8.411
ergm term 8 parameter: -0.357 5.864 7.969
ergm term 9 parameter: -0.943 1.400 7.213
ergm term 10 parameter: 2.127 5.150 9.844
ergm term 11 parameter: 5.127 13.664 34.700
ergm term 12 parameter: -39.906 -15.360 -5.126
ergm term 13 parameter: -43.090 -6.855 -1.078
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Table 32. block unrestricted, global transitivity, K = 6

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.722 1.883 3.980
Mean of parameter of hergm term 1: µw,α -1.939 0.046 1.988
Precision of parameter of hergm term 1: σw,α 0.000 0.000 0.000
hergm term 1: parameter of block 1: -23.168 -21.656 -20.056
hergm term 1: parameter of block 2: -5.265 -4.568 -3.882
hergm term 1: parameter of block 3: -36.131 -31.056 -28.236
hergm term 1: parameter of block 4: 6.328 7.969 9.525
hergm term 1: parameter of block 5: 371.186 1072.496 1774.379
hergm term 1: parameter of block 6: 17.383 18.795 19.969
hergm term 1: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: -4.456 -3.837 -3.256
ergm term 2 parameter: -13.452 -12.074 -10.656
ergm term 3 parameter: 27.510 29.410 31.126
ergm term 4 parameter: 4.416 6.268 7.683
ergm term 5 parameter: 9.350 10.947 12.846
ergm term 6 parameter: -1.150 0.598 2.645
ergm term 7 parameter: 6.284 8.048 10.098
ergm term 8 parameter: 4.141 5.933 7.526
ergm term 9 parameter: 3.468 4.998 6.946
ergm term 10 parameter: 1.738 3.462 5.330
ergm term 11 parameter: 18.115 19.707 21.071
ergm term 12 parameter: -24.249 -22.809 -21.190
ergm term 13 parameter: -10.522 -9.671 -8.764
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Table 33. block unrestricted, global transitivity, K = 10

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.296 1.175 4.120
Mean of parameter of hergm term 1: µw,α -2.218 0.131 2.211
Precision of parameter of hergm term 1: σw,α 0.078 0.202 0.499
hergm term 1: parameter of block 1: -8.776 2.001 6.445
hergm term 1: parameter of block 2: -2.836 1.174 8.278
hergm term 1: parameter of block 3: -2.629 2.298 7.830
hergm term 1: parameter of block 4: -10.051 -8.266 -6.064
hergm term 1: parameter of block 5: -2.256 1.330 6.495
hergm term 1: parameter of block 6: -2.857 0.772 8.993
hergm term 1: parameter of block 7: -2.818 0.810 7.219
hergm term 1: parameter of block 8: -2.875 0.419 7.422
hergm term 1: parameter of block 9: -2.903 0.402 7.711
hergm term 1: parameter of block 10: -2.929 0.552 7.057
hergm term 1: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: 0.009 1.003 1.311
ergm term 2 parameter: 1.187 1.613 2.090
ergm term 3 parameter: 0.923 1.416 1.875
ergm term 4 parameter: 1.166 2.147 2.953
ergm term 5 parameter: 1.313 1.831 2.455
ergm term 6 parameter: 1.058 1.714 2.398
ergm term 7 parameter: 0.946 1.593 2.181
ergm term 8 parameter: 0.509 1.384 2.091
ergm term 9 parameter: 0.348 1.453 2.176
ergm term 10 parameter: 0.697 1.390 2.175
ergm term 11 parameter: -14.687 -10.771 -6.407
ergm term 12 parameter: 7.227 11.375 15.304
ergm term 13 parameter: -1.941 -0.346 0.159
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Table 34. block restricted, stochastic blockmodel, K = 2

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.104 0.734 2.477
Mean of parameter of hergm term 1: µw,α -3.944 -2.609 -0.975
Precision of parameter of hergm term 1: σw,α 0.334 0.719 1.352
hergm term 1: parameter of block 1: -5.941 -5.510 -5.127
hergm term 1: parameter of block 2: -3.725 -3.253 -2.857
hergm term 1: between-block parameter: -6.699 -6.181 -5.729
ergm term 1 parameter: 1.327 1.621 1.950
ergm term 2 parameter: 1.549 1.868 2.195
ergm term 3 parameter: 1.772 2.486 3.199
ergm term 4 parameter: 2.173 2.584 3.000
ergm term 5 parameter: 1.268 1.768 2.238
ergm term 6 parameter: 1.133 1.641 2.069
ergm term 7 parameter: 0.737 1.365 1.944
ergm term 8 parameter: 0.270 0.999 1.663
ergm term 9 parameter: 0.491 1.117 1.770
ergm term 10 parameter: 0.039 0.387 0.730
ergm term 11 parameter: 0.031 0.309 0.615
ergm term 12 parameter: -0.420 -0.173 0.052
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Table 35. block restricted, stochastic blockmodel, K = 3

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.231 1.014 2.784
Mean of parameter of hergm term 1: µw,α -3.745 -2.582 -1.209
Precision of parameter of hergm term 1: σw,α 0.380 0.776 1.402
hergm term 1: parameter of block 1: -5.743 -5.316 -4.907
hergm term 1: parameter of block 2: -3.568 -2.910 -2.224
hergm term 1: parameter of block 3: -3.487 -2.899 -2.306
hergm term 1: between-block parameter: -6.592 -6.094 -5.627
ergm term 1 parameter: 0.971 1.373 1.756
ergm term 2 parameter: 1.293 1.675 2.075
ergm term 3 parameter: 1.519 2.397 3.087
ergm term 4 parameter: 2.090 2.572 3.015
ergm term 5 parameter: 1.255 1.778 2.264
ergm term 6 parameter: 1.162 1.676 2.132
ergm term 7 parameter: 0.610 1.272 1.855
ergm term 8 parameter: 0.669 1.296 1.904
ergm term 9 parameter: 0.625 1.340 1.951
ergm term 10 parameter: 0.065 0.430 0.748
ergm term 11 parameter: 0.012 0.330 0.615
ergm term 12 parameter: -0.500 -0.206 0.045
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Table 36. block restricted, stochastic blockmodel, K = 4

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.345 1.282 3.732
Mean of parameter of hergm term 1: µw,α -3.789 -2.711 -1.454
Precision of parameter of hergm term 1: σw,α 0.414 0.846 1.500
hergm term 1: parameter of block 1: -5.662 -5.059 -2.573
hergm term 1: parameter of block 2: -3.626 -2.930 -2.156
hergm term 1: parameter of block 3: -3.505 -2.890 -2.258
hergm term 1: parameter of block 4: -5.379 -3.573 -1.007
hergm term 1: between-block parameter: -6.761 -6.239 -5.757
ergm term 1 parameter: 0.993 1.385 1.808
ergm term 2 parameter: 1.272 1.700 2.054
ergm term 3 parameter: 1.522 2.444 3.117
ergm term 4 parameter: 2.030 2.513 2.976
ergm term 5 parameter: 1.203 1.759 2.310
ergm term 6 parameter: 1.131 1.636 2.131
ergm term 7 parameter: 0.508 1.254 1.804
ergm term 8 parameter: 0.521 1.264 1.944
ergm term 9 parameter: 0.711 1.329 1.911
ergm term 10 parameter: 0.077 0.435 0.790
ergm term 11 parameter: 0.008 0.306 0.635
ergm term 12 parameter: -0.484 -0.233 0.008
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Table 37. block restricted, stochastic blockmodel, K = 5

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.464 1.495 3.997
Mean of parameter of hergm term 1: µw,α -3.957 -2.860 -1.498
Precision of parameter of hergm term 1: σw,α 0.367 0.811 1.510
hergm term 1: parameter of block 1: -5.944 -4.716 -2.086
hergm term 1: parameter of block 2: -5.619 -4.394 -2.342
hergm term 1: parameter of block 3: -3.768 -3.316 -2.876
hergm term 1: parameter of block 4: -5.047 -2.806 0.664
hergm term 1: parameter of block 5: -5.123 -3.203 -0.791
hergm term 1: between-block parameter: -7.046 -6.572 -6.067
ergm term 1 parameter: 1.360 1.702 2.065
ergm term 2 parameter: 1.538 1.912 2.245
ergm term 3 parameter: 1.740 2.571 3.341
ergm term 4 parameter: 1.718 2.473 3.020
ergm term 5 parameter: 1.146 1.756 2.309
ergm term 6 parameter: 1.017 1.578 2.102
ergm term 7 parameter: 0.639 1.262 1.858
ergm term 8 parameter: 0.295 0.987 1.626
ergm term 9 parameter: 0.485 1.045 1.688
ergm term 10 parameter: 0.018 0.379 0.758
ergm term 11 parameter: -0.018 0.270 0.590
ergm term 12 parameter: -0.457 -0.188 0.055
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Table 38. block restricted, stochastic blockmodel, K = 6

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.713 2.197 5.456
Mean of parameter of hergm term 1: µw,α -3.750 -2.756 -1.403
Precision of parameter of hergm term 1: σw,α 0.401 0.869 1.597
hergm term 1: parameter of block 1: -3.624 -2.963 -2.256
hergm term 1: parameter of block 2: -5.561 -3.527 -1.190
hergm term 1: parameter of block 3: -3.510 -2.930 -2.330
hergm term 1: parameter of block 4: -5.833 -3.240 0.320
hergm term 1: parameter of block 5: -5.008 -3.140 0.314
hergm term 1: parameter of block 6: -5.471 -4.342 -0.430
hergm term 1: between-block parameter: -6.799 -6.347 -5.905
ergm term 1 parameter: 1.010 1.446 1.858
ergm term 2 parameter: 1.312 1.721 2.136
ergm term 3 parameter: 1.581 2.508 3.193
ergm term 4 parameter: 1.974 2.592 3.073
ergm term 5 parameter: 1.156 1.747 2.294
ergm term 6 parameter: 1.118 1.639 2.157
ergm term 7 parameter: 0.465 1.164 1.759
ergm term 8 parameter: 0.653 1.354 1.999
ergm term 9 parameter: 0.565 1.290 1.929
ergm term 10 parameter: 0.042 0.430 0.781
ergm term 11 parameter: -0.039 0.294 0.597
ergm term 12 parameter: -0.477 -0.216 0.021
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Table 39. block restricted, stochastic blockmodel, K = 10

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 1.018 2.539 5.467
Mean of parameter of hergm term 1: µw,α -3.422 -2.572 -1.536
Precision of parameter of hergm term 1: σw,α 0.400 0.832 1.540
hergm term 1: parameter of block 1: -5.696 -4.012 -1.227
hergm term 1: parameter of block 2: -3.692 -2.982 -2.292
hergm term 1: parameter of block 3: -3.504 -2.901 -2.259
hergm term 1: parameter of block 4: -5.571 -3.395 -0.454
hergm term 1: parameter of block 5: -5.365 -3.240 -1.245
hergm term 1: parameter of block 6: -3.837 -2.226 -0.252
hergm term 1: parameter of block 7: -5.231 -3.158 -0.586
hergm term 1: parameter of block 8: -4.892 -2.553 0.337
hergm term 1: parameter of block 9: -4.220 -1.520 0.826
hergm term 1: parameter of block 10: -5.521 -3.228 -0.700
hergm term 1: between-block parameter: -6.813 -6.331 -5.885
ergm term 1 parameter: 0.987 1.477 1.900
ergm term 2 parameter: 1.365 1.788 2.221
ergm term 3 parameter: 1.625 2.601 3.455
ergm term 4 parameter: 1.699 2.586 3.175
ergm term 5 parameter: 1.275 1.839 2.350
ergm term 6 parameter: 0.981 1.589 2.140
ergm term 7 parameter: 0.358 1.111 1.827
ergm term 8 parameter: 0.576 1.261 2.008
ergm term 9 parameter: 0.577 1.285 1.929
ergm term 10 parameter: -0.001 0.437 0.797
ergm term 11 parameter: -0.069 0.261 0.574
ergm term 12 parameter: -0.512 -0.242 -0.004
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Table 40. block unrestricted, stochastic blockmodel, K = 2

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.161 1.102 3.679
Mean of parameter of hergm term 1: µw,α -2.958 -1.769 -0.412
Precision of parameter of hergm term 1: σw,α 0.456 0.919 1.627
hergm term 1: parameter of block 1: -2.371 -2.118 -1.875
hergm term 1: parameter of block 2: -3.653 -3.331 -3.067
hergm term 1: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: 1.455 1.838 2.214
ergm term 2 parameter: 1.664 2.051 2.457
ergm term 3 parameter: 1.358 2.156 2.904
ergm term 4 parameter: 2.123 2.650 3.216
ergm term 5 parameter: 1.170 1.877 2.605
ergm term 6 parameter: 1.016 1.513 2.067
ergm term 7 parameter: 0.595 1.302 1.901
ergm term 8 parameter: 0.915 1.547 2.064
ergm term 9 parameter: 1.098 1.625 2.198
ergm term 10 parameter: 0.050 0.433 0.835
ergm term 11 parameter: 0.079 0.429 0.756
ergm term 12 parameter: -0.552 -0.292 -0.014
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Table 41. block unrestricted, stochastic blockmodel, K = 3

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.123 1.121 3.795
Mean of parameter of hergm term 1: µw,α -3.082 -1.992 -0.760
Precision of parameter of hergm term 1: σw,α 0.465 0.942 1.685
hergm term 1: parameter of block 1: -4.074 -3.239 -1.792
hergm term 1: parameter of block 2: -3.960 -2.270 -1.488
hergm term 1: parameter of block 3: -3.875 -2.311 -0.898
hergm term 1: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: 1.462 1.871 2.262
ergm term 2 parameter: 1.685 2.073 2.467
ergm term 3 parameter: 1.291 2.101 2.905
ergm term 4 parameter: 2.158 2.689 3.220
ergm term 5 parameter: 1.152 1.830 2.467
ergm term 6 parameter: 1.025 1.566 2.108
ergm term 7 parameter: 0.667 1.274 1.866
ergm term 8 parameter: 0.914 1.567 2.200
ergm term 9 parameter: 1.087 1.665 2.224
ergm term 10 parameter: 0.016 0.431 0.808
ergm term 11 parameter: 0.062 0.410 0.752
ergm term 12 parameter: -0.538 -0.268 -0.010
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Table 42. block unrestricted, stochastic blockmodel, K = 4

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.150 1.212 4.055
Mean of parameter of hergm term 1: µw,α -3.199 -2.142 -0.942
Precision of parameter of hergm term 1: σw,α 0.479 0.962 1.692
hergm term 1: parameter of block 1: -4.174 -2.313 -1.774
hergm term 1: parameter of block 2: -4.942 -3.234 -1.649
hergm term 1: parameter of block 3: -4.384 -2.352 -0.602
hergm term 1: parameter of block 4: -4.104 -2.543 -0.590
hergm term 1: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: 1.463 1.848 2.239
ergm term 2 parameter: 1.681 2.062 2.464
ergm term 3 parameter: 1.227 2.071 2.860
ergm term 4 parameter: 2.138 2.706 3.236
ergm term 5 parameter: 1.170 1.828 2.478
ergm term 6 parameter: 0.989 1.536 2.087
ergm term 7 parameter: 0.685 1.320 1.905
ergm term 8 parameter: 0.902 1.544 2.163
ergm term 9 parameter: 1.056 1.645 2.227
ergm term 10 parameter: 0.023 0.420 0.822
ergm term 11 parameter: 0.070 0.401 0.739
ergm term 12 parameter: -0.548 -0.283 -0.020
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Table 43. block unrestricted, stochastic blockmodel, K = 5

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.233 1.539 4.530
Mean of parameter of hergm term 1: µw,α -3.213 -2.281 -1.159
Precision of parameter of hergm term 1: σw,α 0.504 0.983 1.706
hergm term 1: parameter of block 1: -3.900 -2.619 -1.737
hergm term 1: parameter of block 2: -4.374 -2.986 -1.674
hergm term 1: parameter of block 3: -4.889 -2.854 -1.389
hergm term 1: parameter of block 4: -4.382 -2.614 -0.673
hergm term 1: parameter of block 5: -4.052 -2.718 -0.837
hergm term 1: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: 1.451 1.868 2.262
ergm term 2 parameter: 1.682 2.060 2.473
ergm term 3 parameter: 1.188 2.080 2.859
ergm term 4 parameter: 2.150 2.696 3.265
ergm term 5 parameter: 1.133 1.818 2.459
ergm term 6 parameter: 1.011 1.539 2.073
ergm term 7 parameter: 0.642 1.319 1.973
ergm term 8 parameter: 0.862 1.537 2.172
ergm term 9 parameter: 1.041 1.666 2.245
ergm term 10 parameter: 0.020 0.421 0.822
ergm term 11 parameter: 0.060 0.410 0.740
ergm term 12 parameter: -0.538 -0.271 -0.001
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Table 44. block unrestricted, stochastic blockmodel, K = 6

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.155 1.067 4.334
Mean of parameter of hergm term 1: µw,α -3.204 -2.224 -1.014
Precision of parameter of hergm term 1: σw,α 0.509 0.994 1.720
hergm term 1: parameter of block 1: -4.055 -3.025 -1.819
hergm term 1: parameter of block 2: -4.169 -2.814 -1.771
hergm term 1: parameter of block 3: -4.049 -2.392 -0.678
hergm term 1: parameter of block 4: -4.236 -2.388 -0.216
hergm term 1: parameter of block 5: -4.821 -2.440 -0.231
hergm term 1: parameter of block 6: -4.415 -2.297 -0.186
hergm term 1: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: 1.462 1.847 2.234
ergm term 2 parameter: 1.650 2.040 2.468
ergm term 3 parameter: 1.264 2.092 2.916
ergm term 4 parameter: 2.153 2.688 3.266
ergm term 5 parameter: 1.064 1.764 2.446
ergm term 6 parameter: 0.959 1.545 2.087
ergm term 7 parameter: 0.643 1.301 1.940
ergm term 8 parameter: 0.954 1.571 2.148
ergm term 9 parameter: 1.045 1.628 2.230
ergm term 10 parameter: 0.026 0.435 0.822
ergm term 11 parameter: 0.041 0.385 0.734
ergm term 12 parameter: -0.562 -0.287 -0.022
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Table 45. block unrestricted, stochastic blockmodel, K = 10

Posterior quantiles 2.5% 50% 97.5%
Concentration parameter φ: 0.219 0.961 3.633
Mean of parameter of hergm term 1: µw,α -3.253 -2.298 -1.080
Precision of parameter of hergm term 1: σw,α 0.532 0.999 1.743
hergm term 1: parameter of block 1: -3.796 -2.750 -1.871
hergm term 1: parameter of block 2: -4.086 -3.137 -1.768
hergm term 1: parameter of block 3: -4.853 -2.408 -0.840
hergm term 1: parameter of block 4: -4.491 -2.518 -0.360
hergm term 1: parameter of block 5: -4.688 -2.455 -0.149
hergm term 1: parameter of block 6: -4.523 -2.373 -0.112
hergm term 1: parameter of block 7: -4.541 -2.424 -0.068
hergm term 1: parameter of block 8: -4.598 -2.352 -0.036
hergm term 1: parameter of block 9: -4.402 -2.279 -0.018
hergm term 1: parameter of block 10: -4.557 -2.351 -0.035
hergm term 1: between-block parameter: 0.000 0.000 0.000
ergm term 1 parameter: 1.445 1.845 2.231
ergm term 2 parameter: 1.653 2.044 2.474
ergm term 3 parameter: 1.233 2.046 2.788
ergm term 4 parameter: 2.111 2.682 3.232
ergm term 5 parameter: 1.170 1.794 2.477
ergm term 6 parameter: 1.003 1.536 2.089
ergm term 7 parameter: 0.657 1.279 1.885
ergm term 8 parameter: 0.894 1.545 2.156
ergm term 9 parameter: 1.054 1.650 2.279
ergm term 10 parameter: 0.018 0.422 0.805
ergm term 11 parameter: 0.039 0.398 0.741
ergm term 12 parameter: -0.556 -0.276 -0.011
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Appendix D. Goodness of fit simulations

Figure 7. Restricted, local transitivity, K = 2, Goodness of fit
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Figure 8. Restricted, local transitivity, K = 3, Goodness of fit
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Figure 9. Restricted, local transitivity, K = 4, Goodness of fit
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Figure 10. Restricted, local transitivity, K = 5, Goodness of fit

size of largest component

0 50 100 150

0.
00

0.
02

0.
04

0.
06

0.
08

●

●

●
●

●

●
●●●●

●
●●

●

●
●●●
●
●
●

●

●
●
●●

●

●

●

●
●
●

●

●●

●

●

●

●●●●
●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●
●

●

●
●

●

●
●
●

●
●
●

●

●

●
●●

●

●
●
●

●

●

●●●●
●●●

●●●
●●

●●●

●

●
●
●
●●●●●●●

●

●
●●●

●

●●
●
●

●●

●●●

●

●●●
●●●
●●●
●
●●●●
●●
●
●
●●●●●
●●●
●
●●●●●

●

●●●●
●
●

●●
●
●
●●

●
●
●●●●●

●
●
●●●
●
●●
●●

●

●●●
●●
●●●●●
●
●●●●
●
●●●●●●●●●●●●●●●●●●●
●●
●
●
●●●
●
●●●●●●
●
●●●●●●●●●●
●
●●
●●●
●●
●
●●●●●●●●●●●●●

●

●
●●
●
●●●●●
●●●●●●●
●
●●●●●
●
●●●●●●●●●●●
●●●●●

●

●●●●●●●●●●●●●●●
●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●
●
●●●●●●●●●●●●●
●●●●●●●●
●
●●●●●●●●●●●●
●●●●●
●
●●●●●●●●●●
●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

1 21 44 67 90 117 147

0
20

00
60

00
10

00
0

geodesic distances

●

●

●

●●

●

●

●
●●●

●●
●●●
●●

●

●●
●●
●●●●●
●●●●

●
●●

●
●●●●●

●

●

●

●●●
●●
●●

●

●

●

●

●●

●
●●

●●
●
●

●

●

●●●

●●

●●
●●

●●

●●

●

●

●

●
●●●

●●
●●●
●●
●
●

●●●●●●●●●●
●
●●
●●●●
●
●●
●●●●●
●●
●

●●●
●
●●●●●
●
●●●●●●●
●
●●●●●
●
●

●
●●

●●●●
●●
●●

●
●●●●

●

●●●●●
●
●●●●●
●
●●●●●●
●●●
●●

●

●
●

●●

●
●
●●
●●●●●●●●
●
●●●●●●●
●
●●●
●
●
●●
●
●
●●●
●
●●●●●
●
●●
●
●●
●

●
●
●●●●●
●
●●●●●●
●
●●●●●●●●
●
●●●●●●
●
●●

●

●●●●●●●●●●
●
●●
●
●●●●
●
●●●
●●●●●●●
●●
●●●●●●●
●
●●●●●●●●●
●●
●●●●●●
●
●●
●●●
●●
●●●●

●

●●●●●●●●

●
●
●
●●●●●
●●
●●●
●
●●●●●

●
●
●●
●●●●●●●●●●●●●●
●
●●●●●●●●
●●
●●
●
●
●●

●
●
●●●●●●●
●
●●●●●
●●●
●

●●●●●●
●
●
●
●●●●
●
●●●●●●●●●●
●
●●●●●●●●●
●●
●●●●●●
●
●●
●
●●●●●●●●●●●●●●●
●
●
●●●
●

●
●●●●
●
●
●
●●●●●●●●●●●●●●●●●
●●●●●●
●
●●●
●●
●●●●●●●●●

●

●●●●●●●●
●
●●●●●●●●●●●●●●
●
●●●
●
●●●●●●●
●
●●●●●●●●●●
●●●●●
●
●

●
●●
●
●●●●●
●
●●●●
●●
●
●●
●
●
●●
●
●
●
●●●●●●●
●●
●
●●●●●●●
●
●
●●
●●●●●●●●●●●●

●

●●●●●

●
●●●●●●●●●●●●●●●●
●
●●

●

●●●
●●●
●
●●●●
●●
●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●
●
●●●●●●●
●●●●●●●●●●
●●●●●

●

●●●●●●●●●●●●●

●

●●●
●
●
●
●
●●●●●
●●●●●●●●●●
●●●
●●
●●●●●●

●

●●●●
●
●

●●●●

●

●
●
●●
●●●●
●●●●●●●
●
●●●●●●
●
●●
●
●

●
●●●
●
●●●●●●●●●●●●●●●●●●●●●
●●●
●
●●●●●●

●

●●●●●
●
●●
●
●●
●●●●●●●●●●●●●
●
●●●

●

●●●●●●●●●●●●●●
●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●
●
●●●●
●
●●●
●
●●
●
●●●●●●●●
●
●

●
●
●●
●
●
●
●
●
●●●
●

●●●●●
●●

●●
●
●

●

●
●●●●●●●

●

●●●●●●●●
●
●
●●
●●●●●●●●
●
●●●●
●
●●
●●●●●●●●●●
●
●●●

●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●
●●●●
●
●●●●●●●●●●●●

●

●●●●●
●
●●●●●●●●●●
●
●●

●

●●

●

●●●
●
●
●●●●●●●●●
●
●
●●●●●●●●●●●●●●
●
●●
●
●●
●●●●●●●●●
●
●●●●●
●
●●●●●
●
●●●●●
●

●●●●●●●●●●●●●●

●

●●●●●●●
●
●●●●●
●
●
●
●●●●●●●●●●●●●●●●●●●●●●●●●
●
●
●●●●●●●●●●
●
●●●●●●●●●●●●●
●
●●●●●●●●●●●
●
●●●●●
●
●●●
●
●

●

●
●
●
●●●●●●●●
●
●●●

●

●●

●

●●●●●●●●●●●●

●

●●●●
●
●●●●●●
●
●
●
●●●●●
●●●●●●●●●●●●●●●●●●●●●●●
●
●●
●
●
●
●
●
●
●●●●●●●●●●●●●●
●●●●●
●●●●
●
●●●●●●●●●●
●
●●●
●
●●●●●●
●
●
●●●●●●●●●●●●●●●●●●
●
●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●
●●
●●●●

●

●●
●
●●
●
●●●●

●

●●●●●●●●
●●●●●●●
●
●●●●
●●

●

●●●●●●
●
●●●●●●●●●●●●●●●●

●
●●●●
●●
●●●●●●●●●●
●
●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●
●●●●●●●●
●
●●
●●
●

●

●●●●●●●●●
●
●●●●●●

●

●
●
●
●●●●●

●

●●●●●●●●●

●

●●●●●●
●
●●●●●●●●●●●●

●

●●●●●
●
●●●●●●
●
●●●●●

●

●

●

●●

●
●●●

●

●●
●●●●
●●●●
●●
●
●
●

●

●●●
●●●
●
●●●●●●
●
●

●

●●●●●●
●
●●●●●●

1 21 44 67 90 117 147

0
50

10
0

15
0

degrees

●
●●

●

●●

●●

●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

number of edges

500 1000 2000

0.
00

0
0.

00
1

0.
00

2
0.

00
3

0.
00

4
0.

00
5

number of 2−stars

0 20000 60000

0.
00

00
0

0.
00

01
0

0.
00

02
0

number of triangles

0 2000 6000

0.
00

00
0.

00
10

0.
00

20
0.

00
30



A STRUCTURAL MODEL OF HOMOPHILY AND CLUSTERING IN SOCIAL NETWORKS 93

Figure 11. Restricted, local transitivity, K = 6, Goodness of fit
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Figure 12. Restricted, local transitivity, K = 10, Goodness of fit
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Figure 13. Restricted, global transitivity, K = 2, Goodness of fit

size of largest component

0 50 100 150

0.
00

0.
05

0.
10

0.
15

●

●●
●●
●●●●●●
●●●
●●●●

●

●●●●
●●
●
●●●●●
●
●
●●●

●

●●●
●●●●●
●●●●●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●
●
●
●

●

●

●

●

●

●

●
●

●

●●

●●

●●

●

●
●

●

●
●

●

●

●●

●
●

●

●●●

●●

●

●
●

●

●

●

●

●●

●
●

●●●

●

●

●

●●
●

●

●
●
●●
●

●

●●●

●

●
●●
●●●

●

●●●
●●●

●
●●

●●

●●
●

●●●●
●
●
●●
●
●●●●●

●

●

●

●●

●

●
●●●

●

●●

●

●

●
●
●●●●●
●
●●

●
●●
●●
●
●

●●

●
●
●

●●

●●
●
●

●
●

●
●●●●●●●

●

●●●
●●
●●●

●
●●●●●●
●●●
●●
●
●●

●

●●●
●●
●
●●
●

●

●
●●
●●●●●
●●●●

●

●
●

●
●
●●●
●●
●
●●
●
●●
●
●●●●●●
●
●●●●●●●
●

●

●●●

●
●
●
●
●●●●●
●●
●
●●●

●

●●●
●
●●
●
●●●●●●●●
●
●●●●
●
●●●●
●
●●●
●●●●●●●●●●●●●●●●●●

●
●●●●●●●●●●●●
●

●

●
●
●●
●●●●●●
●●●●●●

●●
●

●●●●●●●●●●●●
●
●●●
●
●●●●●●●●●●●●●●●●●●●●●
●

●●●●●●
●●●●●●●●●●●●●●●●●●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●
●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

1 21 44 67 90 117 147

0
20

00
40

00
60

00
80

00

geodesic distances

●

●

●

●
●

●

●

●
●●●

●
●

●●
●
●●
●●
●●●●●
●
●

●

●

●

●
●
●

●

●
●
●●●
●

●

●
●●●●
●

●●

●
●
●

●

●●
●●
●
●
●
●●●
●●●

●●●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●
●●●●
●●
●
●
●●●●●●●●●
●
●●●●●●●●●
●●●
●
●●
●
●●
●●
●●●●●●●●●●●●
●
●
●●●
●
●●●●
●
●●
●
●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●
●
●●●●●●
●
●●●
●
●●
●
●●●
●
●●●●●
●
●●
●
●●
●
●●●●
●●
●
●●●
●●●●●
●●●●●●●●●
●●●●●●●●●●●●●●●
●
●●●●
●
●
●
●●
●
●●●●●●●
●
●●●●●●●●●●●
●●●●
●●●●
●
●

●

●●●●●●●●●●●●●
●
●●●
●
●●●●●●●●●●●●●
●
●

●
●
●●●●●●●●●●●●●●●●●
●
●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●
●
●●●●●●●●●●●
●
●●●●●
●
●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●

●●●●●●●●●●●●●
●
●●●●●●●
●●
●●●●●●●●●
●
●●●●
●
●●●●●
●●
●●
●
●●●
●
●
●
●●●●●●●●●
●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●

●
●●●●●●●

●

●●●●●●●●●

●

●●●●●●
●
●●●●●●●●●●●●●●●●●
●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●
●
●
●

●●●●●
●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●
●●●
●
●●●●●●
●
●●●●●●●
●
●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●
●
●
●
●●●●●●●●●●●●●●●●●●●●●

●
●●●●
●
●

●

●●●●●●●●●●●●●●●
●
●●●●●●●
●
●●●●●●
●●●
●
●
●
●●●●
●
●●
●
●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●
●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●
●●
●
●
●●●●●●●●●●●●●●●
●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●
●●
●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●
●
●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●
●
●●●●●●●●●●●●●●●●
●
●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

1 21 44 67 90 117 147

0
50

10
0

15
0

degrees

●
●●

●

●●

●●

●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

number of edges

200 400 600 800

0.
00

0
0.

00
2

0.
00

4
0.

00
6

0.
00

8

number of 2−stars

0 5000 10000 15000

0e
+

00
2e

−
04

4e
−

04

number of triangles

0 500 1000 1500 2000

0.
00

0
0.

00
2

0.
00

4

Figure 14. Restricted, global transitivity, K = 3, Goodness of fit
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Figure 15. Restricted, global transitivity, K = 4, Goodness of fit
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Figure 16. Restricted, global transitivity, K = 5, Goodness of fit
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Figure 17. Restricted, global transitivity, K = 6, Goodness of fit
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Figure 18. Restricted, global transitivity, K = 10, Goodness of fit
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Figure 19. Unrestricted, local transitivity, K = 2, Goodness of fit
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Figure 20. Unrestricted, local transitivity, K = 3, Goodness of fit
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Figure 21. Unrestricted, local transitivity, K = 4, Goodness of fit
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Figure 22. Unrestricted, local transitivity, K = 5, Goodness of fit
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Figure 23. Unrestricted, local transitivity, K = 6, Goodness of fit
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Figure 24. Unrestricted, local transitivity, K = 10, Goodness of fit
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Figure 25. Unrestricted, global transitivity, K = 2, Goodness of fit
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Figure 26. Unrestricted, global transitivity, K = 3, Goodness of fit
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Figure 27. Unrestricted, global transitivity, K = 4, Goodness of fit
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Figure 28. Unrestricted, global transitivity, K = 5, Goodness of fit

size of largest component

0 20 60 100 140

0.
00

0.
05

0.
10

0.
15

0.
20

0.
25

0.
30

●
●
●●●●●
●●

●

●

●
●

●

●●

●

●

●

●
●

●

●

●●
●

●●●●●●●●●●
●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

1 21 44 67 90 117 147

0
20

00
60

00
10

00
0

14
00

0

geodesic distances

●

●

●

●●

●

●

●
●●●

●●●

●●

●

●●●
●●●
●
●●

●

●

●

●
●●●●●●

●

●
●

●

●●

●

●●
●
●

●
●
●
●●

●●●●●●●●
●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

1 21 44 67 90 117 147

0
50

10
0

15
0

degrees

●
●●

●

●●

●●

●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

number of edges

340 360 380 400

0.
00

0
0.

01
0

0.
02

0
0.

03
0

number of 2−stars

6000 8000 10000

0e
+

00
2e

−
04

4e
−

04
6e

−
04

number of triangles

100 150 200

0.
00

0
0.

00
4

0.
00

8
0.

01
2



102 ANGELO MELE JOHNS HOPKINS UNIVERSITY

Figure 29. Unrestricted, global transitivity, K = 6, Goodness of fit
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Figure 30. Unrestricted, global transitivity, K = 10, Goodness of fit
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Figure 31. Restricted, no transitivity, K = 2, Goodness of fit
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Figure 32. Restricted, no transitivity, K = 3, Goodness of fit
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Figure 33. Restricted, no transitivity, K = 4, Goodness of fit
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Figure 34. Restricted, no transitivity, K = 5, Goodness of fit
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Figure 35. Restricted, no transitivity, K = 6, Goodness of fit
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Figure 36. Restricted, no transitivity, K = 10, Goodness of fit
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Figure 37. Unrestricted, no transitivity, K = 2, Goodness of fit
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Figure 38. Unrestricted, no transitivity, K = 3, Goodness of fit
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Figure 39. Unrestricted, no transitivity, K = 4, Goodness of fit
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Figure 40. Unrestricted, no transitivity, K = 5, Goodness of fit
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Figure 41. Unrestricted, no transitivity, K = 6, Goodness of fit
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Figure 42. Unrestricted, no transitivity, K = 10, Goodness of fit
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